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ing these two conditions. But at each step of these SSQP methods, one or several quadratic

programming problems need to be solved. For the Newton-SSQP method proposed in this paper,

not only it achieves local quadratic convergence without assuming the above-mentioned two con-

ditions, but also only one or several systems of linear equations need to be solved at each step.

A characterization theorem for superlinear convergence of quasi-Newton-SSQP methods is also
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1 Introduction

Let f , hj j = 1, 2, . . . ,m and gi i = 1, 2, . . . , r be twice Lipschitz continuously differentiable

functions from Rn to R. Consider the following general constrained optimization problem:

min f(x)

s.t. h(x) = 0,

g(x) ≤ 0,

(1)

where h(x) = (h1(x), h2(x), . . . , hm(x))T and g(x) = (g1(x), g2(x), . . . , gr(x))T respectively. If a

suitable constraint qualification holds, then the first-order necessary condition for a feasible point

x∗ to be a local solution of (1) is that there exist vectors u∗ ∈ Rm and v∗ ∈ Rr such that



∇f(x∗) +∇h(x∗)u∗ +∇g(x∗)v∗ = 0,

v∗ ≥ 0, (v∗)T g(x∗) = 0.
(2)

The two-fold vector λ∗ �= (u∗, v∗) is called a multiplier. It is well-known that if the gradients of

active constraints at x∗, namely, {∇hj(x∗) | j = 1, 2, . . . ,m} and {∇gi(x∗) | i : gi(x∗) = 0} are

linearly independent, then λ∗ is uniquely determined. The property that the gradients of active

constraints are linearly independent is called the linear independence constraint qualification

(LICQ).

Sequential Quadratic Programming (SQP) methods are one of the most successful methods for

solving (1). A remarkable property for SQP methods is that if LICQ holds, then these methods

possess locally superlinear/quadratic convergence property. We refer to [2, 3] for details about

superlinear convergence analysis of SQP methods, and a survey paper [1] for a review of SQP

methods.

We are interested in degenerate problems, namely, the problems for which the gradients of

active constraints at the solution are linearly dependent. In this case, the multipliers satisfying

(2) are not unique. Consequently, the Lagrange multipliers of the quadratic subproblem in an

SQP method may not be uniquely determined. Wright [13] noted that this feature may make an

Newton-SQP method no longer yield a quadratic convergence rate. To cope with this difficulty,

on the basis of [11, 12], Wright [13] proposed a stablizd sequential quadratic programming (SSQP)

method for solving inequality constrained problems. The SSQP method is a modification of an

ordinary SQP method. At each step, a minimax problem with a quadratic objective function

is to be solved. Under the assumptions that (i) the second-order sufficient condition holds at

a local solution, (ii) the Mangasarian-Fromovitz constraint qualification (MFCQ) holds at the
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solution, and (iii) the strict complementarity multiplier exists, the SSQP in [13] was proved to

be locally quadratically convergent. In [14], Wright further improved his result by showing that

conditions (i) and (ii) are enough to ensure locally quadratic convergence of the SSQP method.

More recently, Hager [8] proved locally quadratic convergence of Wright’s method with condition

(i) as the only requirement. He suggested to treat an equality constraint as a pair of inequality

constraints. Another interesting work is due to Fischer [6], who proposed a modified Wilson’s

method from a different point of view. Fischer’s method is a generalized equation based inexact

Newton method. It also retains the quadratic convergence property for degenerate problems under

slightly different assumptions from above. A feasible SQP method that deals with degenerate

problems was investigated by Qi and Wei [10]. We note that at each step of the above mentioned

methods, one or several quadratic programming problems are to be solved. (In Wright’s method,

the subproblem is a minimax problem. However, it is equivalent to a quadratic programming

problem (see Section 3)). Moreover, so far, the study mainly focuses on inequality constrained

problems. For general problems with both equality and inequality constraints, Wright [13] gave

a quadratic convergence proof of the SSQP method under strong conditions, namely, the above

conditions (i) – (iii).

In this paper, we develop an SSQP method for solving general constrained problems including

equality constraints. At each step, only one or several systems of linear equations need to be

solved. The method is a natural extension of Wright’s SSQP method for inequality constrained

problem, and can also be regarded as an extension of the method of Facchinei and Lucidi [5] to

degenerate problems. We show that the proposed method retains locally quadratic convergence

if the above condition (i) together with some kind of weak MFCQ holds.

The remainder of the paper is organized as follows. In the next section, we show a useful

lemma and provide some preliminaries. In Section 3, we propose a Newton-SSQP method and

establish its quadratic convergence. In Section 4, we establish a characterization theorem that

gives a sufficient and necessary condition for a quasi-Newton SSQP method to retain the locally

superlinear convergence property.

Notations: For an index set β and a vector θ, we use θβ to denote a subvector of θ with

elements θi, i ∈ β. If θ is a differentiable vector valued function, we use ∇θβ(x) to denote a

submatrix of ∇θ(x) whose columns are ∇θi(x), j ∈ β. That is ∇θβ(x) = (∇θj(x), j ∈ β). Let

x∗ be a local solution of (1). We use

M = {(u∗, v∗) | (x∗, u∗, v∗) is a KKT point of (1) }
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to denote the set of multipliers for problem (1). We also denote

Mv = {v∗ | there is a u∗ ∈ Rm such that (u∗, v∗) ∈ M}

Sometimes, we use λ to denote the pair (u, v) ∈ Rm+r. For an x ∈ Rn, we let I(x) = {i | gi(x) =

0} denote the index set of active inequality constraints at point x, and I∗ be an abbreviation of

I(x∗). For an (u∗, v∗) ∈ M , the index set I+(v∗) is defined by I+(v∗) = {i | v∗i > 0}. For a point

λ = (u, v) ∈ Rm+r, we let λ̂ = (û, v̂) denote the projection of λ to M . That is,

‖λ− λ̂‖ = dist (λ,M) = inf{‖λ − λ∗‖ | λ∗ ∈ M}.

Here and throughout the paper, we use the Euclidean norm. Let δ > 0 be a constant. We use

Uδ to denote a δ-neighbourhood of some point or set whose dimension is clear. For example,

Uδ(x∗) = {x | ‖x− x∗‖ ≤ δ}, Uδ(λ∗) = {λ | ‖λ− λ∗‖ ≤ δ},

Uδ(x∗, λ∗) = {(x, λ) | ‖x− x∗‖ ≤ δ, ‖λ − λ∗‖ ≤ δ},
Uδ(M) = {λ, | dist (λ,M) ≤ δ}, Uδ(x∗,M) = {(x, λ) | ‖x− x∗‖ ≤ δ, dist (λ,M) ≤ δ}.

2 Preliminaries

In this section, we provide some preliminaries. First, we prove an algebraic lemma. Let matrix

valued functions Q(x, λ) : Rn1+n2 → Rn1×n1 and A(x) : Rn1 → Rn1×n2 , vector valued functions

φ : Rn1+n2 → Rn1 and ψ : Rn1 → Rn2, and real valued function µ : Rn1+n2 → R+ be Lipschitz

continuous. We further assume that there are a point (x∗, λ∗) ∈ Rn1+n2 and a constant µ̄ > 0

such that for all x ∈ Rn1 ,

φ(x∗, λ∗) = 0, ψ(x∗) = 0, µ(x∗, λ∗) = 0 and µ(x, λ) ≥ µ̄‖x− x∗‖.

Let P̂ = (Û V̂ ) and P = (U V ) be orthogonal matrices such that

A(x∗) = P̂


 Σ 0

0 0


P T = (Û V̂ )


 Σ 0

0 0





 UT

V T


 ,(3)

where Σ is a nonsingular diagonal matrix. Consider the system of linear equations

 Q(x, λ) A(x)

A(x)T µ(x, λ)





 p

q


 = −


 φ(x, λ)

ψ(x)


 .(4)

Following a similar argument to [13], we prove the following lemma.
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Lemma 1 Suppose that matrix Q(x∗, λ∗) is positive definite in the null space of A(x∗). Then

there exists a constant δ > 0 such that when (x, λ) ∈ Uδ(x∗, λ∗), the solution (p, q) of (4) satisfies



‖p‖+ ‖UT q‖ = O(‖φ(x, λ)‖ + ‖UTψ(x)‖+ µ−1ζ‖V Tψ(x)‖),
‖V T q‖ = µ−1O(‖V Tψ(x)‖) + µ−1ζO(‖p‖),

(5)

where µ = µ(x, λ) and ζ = O(‖x− x∗‖). In particular, if µ ≥ µ̄‖x− x∗‖ holds for some constant
µ̄ > 0, then we have




‖p‖+ ‖UT q‖ = O(‖φ(x, λ)‖ + ‖UTψ(x)‖ + ‖V Tψ(x)‖),
‖V T q‖ = µ−1O(‖V Tψ(x)‖) +O(‖p‖).

Proof Let 


pÛ

pV̂

qU

qV




=


 P̂ T 0

0 P T





 p

q


 =




ÛT p

V̂ T p

UT q

V T q




and 


φÛ

φV̂

ψU

ψV




=


 P̂ T 0

0 P T





 φ

ψ


 =




ÛTφ

V̂ Tφ

UTψ

V Tψ




.

Multiplying equation (4) by the orthogonal matrix


 P̂ T 0

0 P T


, we get




ÛTQÛ ÛTQV̂ ÛTAU ÛTAV

V̂ TQÛ V̂ TQV̂ V̂ TAU V̂ TAV

UTAT Û UTAT V̂ −µI 0

V TAT Û V TAT V̂ 0 −µI







pÛ

pV̂

qU

qV




= −




φÛ

φV̂

ψU

ψV




.(6)

Denote Q11 = ÛTQ(x∗, λ∗)Û , Q12 = ÛTQ(x∗, λ∗)V̂ , Q21 = QT
12 and Q22 = V̂ TQ(x∗, λ∗)V̂ . Then

by (3) we have

ÛTQÛ = Q11 + ε, ÛTQV̂ = Q12 + ε, V̂ TQÛ = Q21 + ε, V̂ TQV̂ = Q22 + ε,

ÛTAU = Σ+ ζ, ÛTAV = ζ, UTAÛ = Σ+ ζ and V TAT V̂ = ζ,

where

ε = ε(x, λ) = O(‖Q(x, λ) −Q(x∗, λ∗)‖) and ζ = O(‖A(x) −A(x∗)‖) = O(‖x− x∗‖).
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The system of linear equations (6) is then rewritten as



Q11 + ε Q12 + ε Σ+ ζ ζ

Q21 + ε Q22 + ε ζ ζ

Σ+ ζ ζ −µI 0

ζ ζ 0 −µI







pÛ

pV̂

qU

qV




= −




φÛ

φV̂

ψU

ψV




.(7)

From the last equation of (7), we get

qV = µ−1ψV + µ−1ζ(pÛ + pV̂ ).(8)

This gives the second estimate of (5). Moreover, substituting (8) to (7), we deduce






Q11 Q12 Σ

Q21 Q22 0

Σ 0 0


 +O(ε+ ζ + µ)







pÛ

pV̂

qÛ


 = −




φÛ + µ−1ζψV

φV̂ + µ−1ζψV

ψU




�= ψ̃.(9)

Note that the first matrix in the left-hand side of (9) is nonsingular. Linear equation (9) implies

for all (x, λ) close to (x∗, λ∗)

‖(pÛ , pV̂ , qU )‖ = O(‖ψ̃‖).(10)

Since P̂ and P are orthogonal, we have

‖ψ̃‖ ≤
∥∥∥(φÛ , φV̂ , 0)

∥∥∥ +
∥∥∥(µ−1ζψV , µ−1ζψV , ψU )

∥∥∥
≤ ‖P̂ Tφ‖+ 2µ−1ζ‖ψV ‖+ ‖ψU‖
= O(‖φ‖+ ‖ψU‖+ µ−1ζ‖ψV ‖).

This together with (10) yields the first estimate of (5). The proof is then complete. 2

Next, we state some conditions which are required throughout the paper.

Assumption A (i) Functions f : Rn → R, h : Rn → Rm and g : Rn → Rr are twice Lipschitz

continuously differentiable.

(ii) The weak Mangasarian-Fromovitz constraint qualification (WMFCQ) holds at x∗, that is,

there is a y ∈ Rn such that

∇h(x∗)T y = 0 and ∇gI∗(x∗)T y < 0,

where I∗ = I(x∗) denotes the index set of active inequality constraints at x∗.

(iii) The strong second-order sufficient condition holds at x∗, that is, there is a constant α > 0

such that for any λ∗ ∈ M

wT∇2
xL(x

∗, λ∗)w ≥ α‖w‖2, ∀w ∈ {w ∈ Rn | ∇h(x∗)Tw = 0,∇gI+(v∗)(x
∗)Tw = 0},
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where I+(v∗) = {i | v∗i > 0}.
In condition (ii) of Assumption A, we use the terminology weak MFCQ to distinguish it

from MFCQ. This is based on the fact that the condition (ii) is obtained by excluding the linear

independence assumption of ∇hj(x∗), j = 1, 2, . . . ,m from MFCQ.

Throughout the paper, without specification, we always assume that Assumption A holds.

It has been shown by Gauvin [7] that MFCQ is a necessary and sufficient condition for the

multiplier set

M = {(u∗, v∗) | (x∗, u∗, v∗) is a KKT point of (1)}
to be bounded. Consequently, if ∇hj(x∗), j = 1, 2, . . . ,m are linearly dependent, then M is

not bounded. However, the following lemma shows that WMFCQ guarantees that the set of

multipliers corresponding to the inequality constraints is bounded.

Lemma 2 Let functions f , h and g be continuously differentiable and Mv denote the set of

multipliers corresponding to the inequality constraints, that is,

Mv = {v∗ ∈ Rr | there is a u∗ ∈ Rm such that (u∗, v∗) ∈ M}.

Then, Mv is bounded if and only if WMFCQ hods.

Proof LetB be a set of indices such that∇hj(x∗), j ∈ B forms a basis of∇hj(x∗), j = 1, 2, . . . ,m.

That is, ∇hj(x∗), j ∈ B are linearly independent, and any ∇hj(x∗), j �∈ B, 1 ≤ j ≤ m is a

linear combination of ∇hj(x∗), j ∈ B. Denote N = {1, 2, . . . ,m}\B. Then there is a matrix

α = α(x∗) ∈ R|B|×|N | such that ∇hN (x∗) = ∇hB(x∗)α, where |B| and |N | stand for the numbers

of indices in B and N , respectively.

Consider the nonlinear programming



min f(x)

s.t. hj(x) = 0, j ∈ B,

gi(x) ≤ 0, i = 1, 2, . . . , r.

(11)

Let M̄ be the set of multipliers of (11) and

M̄v = {v∗ ∈ Rr | there is a u∗ ∈ Rm such that (u∗, v∗) ∈ M̄}.

It is not difficult to see that if (u∗, v∗) ∈ M , then we have (ũ, v∗) ∈ M̄ , where ũ = u∗
B + αu∗

N .

Conversely, if (ũ, v) ∈ M̄ , then (u∗, v∗) �
= (ũ, 0N , v) ∈ M . This means that Mv = M̄v. Therefore,

Mv is bounded if and only if M̄v is bounded. However, it is clear that WMFCQ for (1) is identical

to MFCQ for (11). The conclusion then follows from Gauvin’s Theorem. 2
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We are going to generalize the method of Facchinei and Lucidi [5] to degenerate problems. To

this end, we need to specify a subset of the active set I(x∗). An extensive study on identification

of active constraints has been given in [4]. For our purpose, we need to specify an index set which

is contained in I∗ and contains I+(v∗) for at least one v∗ ∈ Mv. Define, for a given ρ > 0, two

index sets

Sρ(x, v) = {i | gi(x) ≥ −ρvi}, S̃ρ(x, v) = {i | gi(x) ≤ ρvi}.

If M is a singleton, then in a sufficiently small neighbourhood of (x∗, v∗), we have I+(v∗) ⊂
Sρ(x, v) ⊂ I∗ (see e.g., [4]). The following lemma reveals a relation among index sets I∗, I+, Sρ

and S̃ρ even when M is not a singleton.

Lemma 3 (i) For any v∗ ∈ Mv, there exists a constant δ > 0 such that the following relations

hold for any x ∈ Uδ(x∗) and any v ∈ Uδ(v∗).

I+(v∗) ⊂ Sρ(x, v) ∩ S̃ρ(x, v) and Sρ(x, v) ∪ S̃ρ(x, v) ⊂ I(x∗).(12)

(ii) There exists a constant δ > 0 such that for any (x, λ) = (x, u, v) ∈ Uδ(x∗,M), there is at

least one v∗ ∈ Mv for which (12) holds.

Proof (i) Let δ1 = 1
2 min{v∗i | i ∈ I+(v∗)} > 0. Then we have for any v ∈ Uδ1(v

∗), if i ∈ I+(v∗),

then vi ≥ v∗i −‖v− v∗‖ ≥ 1
2v

∗
i > 0. By the definition of I+(v∗), it is clear that for any i ∈ I+(v∗),

it holds that v∗i > 0 and gi(x∗) = 0. This means that for each ρ > 0, there is a δ2 > 0 such that

|gi(x)| ≤ 1
2ρv

∗
i holds for every i ∈ I+(v∗) and any x ∈ Uδ2(x

∗). The first inclusion of (12) then

holds with δ = min{δ1, δ2}. On the other hand, if i �∈ I(x∗), then we have v∗i = 0 and |gi(x∗)| > 0.

This implies that |gi(x)| ≥ ρvi for all (x, v) close to (x∗, v∗), and hence i �∈ Sρ(x, v) ∪ S̃ρ(x, v).

This shows the second inclusion of (12).

(ii) Let λ̂ = (û, v̂) be the projection of λ on M . Then we have ‖v − v̂‖ ≤ dist (λ,M). For

each v, we get from (i) that there is a constant δv such that (12) holds for all x ∈ Uδv (x
∗) and

v ∈ Uδv(v̂). The family of sets Uδv (v̂) obviously covers Mv. Since Mv is compact, there are

finitely many Uδv (v̂) whose union covers Mv. Let δ be the least number of δv in this finite family.

Then δ meets the requirement of (ii). 2

3 SSQP via Linear Equations

In this section, we develop a Newton-SSQP method via linear equations. First, we recalled

Wright’s algorithm [13].
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The subproblem in Wright’s SSQP is the quadratic minimax problem

min
p

max
v+>0, u+

∇f(xk)T p+
1
2
pT∇2

xL(zk)p + (u+)T (h(xk) +∇h(xk)T p)

+(v+)T (g(xk) +∇g(xk)T p)− 1
2
µk‖v+ − vk‖2,(13)

where zk = (xk, uk, vk) is the present estimate to z∗ = (x∗, u∗, v∗) and µk is a parameter. If we

denote by Ik the active constraints of (13), then the KKT system of (13) is the following linear

equations
∇2

xL(zk)p+∇h(xk)u+∇gIk
(xk)v+

Ik
= −∇f(xk),

∇h(xk)T p = −h(xk),

∇gIk
(xk)T p− µk(v+

Ik
− vIk

) = −gS(x),

(14)

and v+
i = 0, for all i �∈ Ik. It is not difficult to see that (14) is also the KKT system of the

following quadratic programming problem



min
p,t

∇f(xk)T p+ 1
2p

T∇2
xL(zk)p+ 1

2µ
−1
k ‖t+ µkvk‖2

s.t. ∇h(xk)T p+ h(xk) = 0,

∇g(xk)T p+ g(xk)− t ≤ 0.

(15)

The corresponding relation between (14) and (15) is tk = µk(v+
k − vk), where tk is a solution of

(15). It is obvious that ‖tk‖ is small whenever µk is small and v+
k − vk is bounded from above.

This then gives another interpretation of SSQP, that is, SSQP is essentially a kind of inexact SQP

and the minimax problem (13) is a perturbation of a quadratic subproblem in an SQP method.

However, the perturbed problem has its own advantage. That is, it is consistent as long as the

system of linear equations ∇h(xk)T p+ h(xk) = 0 is consistent. In particular, if ∇h(xk) is of full

rank, then (15), and hence (14) are consistent. To make (15) be consistent even when ∇h(xk)

is of rank deficiency, we introduce a perturbation term to the equality constraint in (15), which

results in the following quadratic programming problem



min
p,t,w

∇f(xk)T p+ 1
2p

T∇2
xL(zk)p+ 1

2ν
−1
k ‖w + νkuk‖2 + 1

2µ
−1
k ‖t+ µkvk‖2

s.t. ∇h(xk)T p+ h(xk)− w = 0,

∇g(xk)T p+ g(xk)− t ≤ 0,

(16)

where νk is a parameter to be determined. The quadratic programming problem (16) is equivalent

to the minimax problem

min
p

max
v+>0, u+

∇f(xk)T p+
1
2
pT∇2

xL(zk)p + (u+)T (h(xk) +∇h(xk)T p)

+vT (g(xk) +∇g(xk)T p)− 1
2
νk‖u+ − uk‖2 − 1

2
µk‖v+ − vk‖2.(17)
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It is clear that (16) and hence (17) are always consistent whether ∇h(xk) is of full rank or of rank

deficiency. It is then desirable to develop an SSQP method where the subproblem is (16) or (17).

However, SSQP method via (16) or (17) still needs to solve a quadratic programming problem,

which is relatively computationally expensive. We are going to develop an SSQP method such

that the subproblems are linear equations with nonsingular coefficient matrices.

Let ρ > 0 be a given constant. Define

Sk = Sρ(xk, vk) = {i | gi(xk) ≥ −ρ(vk)i}.(18)

From Lemma 3 (ii), we see that when zk is close to (x∗,M), index set Sk is contained in I(x∗)

and contains I+(v∗) for at least one v∗ ∈ Mv. It is then desirable to develop a system of linear

equations to approximate the KKT system of (16) in a way similar to that used by Facchinei and

Lucidi [5]. We use the following system of linear equations for this purpose:



∇2
xL(zk)pk +∇h(xk)u+

k +∇gSk
(xk)v+

Sk
= −∇f(xk),

∇h(xk)T p− νk(u+
k − uk) = −h(xk),

∇gSk
(xk)T p− µk(v+

Sk
− vSk

) = −gSk
(x),

(19)

where (v+
k )i = 0, for all i �∈ Sk. Denote ∆uk = u+

k − uk, ∆vSk
= v+

Sk
− vSk

, and φk = ∇f(xk) +

∇h(xk)uk +∇gSk
(xk)vSk

. Then system (19) is written as the following compact form.



∇2
xL(zk) ∇h(xk) ∇gSk

(xk)

∇h(xk)T −νkI 0

∇gSk
(xk)T 0 −µkI







pk

∆uk

∆vSk


 = −




φk

h(xk)

gSk
(xk)


 .(20)

Note that φk is different from ∇xL(zk) if inequality (vk)i �= 0 holds for some i �∈ Sk.

If problem (1) is nondegenerate, following a similar argument to that in [5], it is possible to

prove that the sequence {(xk, uk, vk)}, generated by xk+1 = xk + pk, uk+1 = u+
k , and vk+1 = v+

k

recurrently, converges locally quadratically. However, the degeneracy property makes the related

analysis become complicated and difficult. As we shall see in the latter part of this section, the

difficulty appears when the solution of (20) involves a negative (vk)+i for some i ∈ Sk. To cope

with this difficulty, we are going to find an approximate KKT point (xk, uk, vk) which is the

unique solution of a system of linear equations and satisfies vk ≥ 0. The following lemma gives

a way to realize it.

Lemma 4 Let µ and ν be sufficiently small and satisfy for some constant C > 0 and all x,

µ ≥ C‖x − x∗‖ and ν ≥ C‖x − x∗‖. Then there is a constant δ > 0 such that for any z =

9



(x, u, v) ∈ Uδ(x∗,M), there is at least one index set T ⊂ Sρ(x, v) containing I+(v∗) for at least

one v∗ ∈ Mv such that the system of linear equations (19), with z instead of zk and T instead of

Sk, has a unique solution with nonnegative v+
T .

Proof It follows from Lemma 3 of [8] that when µ and ν are sufficiently small (20) and hence

(19) has a unique solution.

By Lemma 3, there is (u∗, v∗) ∈ M such that I+(v∗) ⊂ S(x, v) for all z = (x, u, v) ∈ Uδ(x∗,M).

Let δ1 > 0 be such that for any v ∈ Uδ1(v
∗), we have vi > 0 for any i ∈ I+(v∗)

�
= I+. Consider

the linear equation



∇2
xL(z) ∇h(x) ∇gI+(x)

∇h(x)T −νI 0

∇gI+(x)
T 0 −µI







p

∆u

∆vI+


 = −




φ(x)

h(x)

gI+(x)


 .

By Lemma 1, there is a δ > 0 such that when (x, λ) ∈ Uδ(x∗, λ∗), we have

‖p‖+ ‖u+ − û‖+ ‖v+
I+

− v̂I+‖ = O(‖x− x∗‖+ ‖λ− λ̂‖),

where λ̂ = (û, v̂) denotes the projection of λ on M . Since v+
i = 0 = v̂i for all i �∈ I+, we get

‖v+ − v̂‖ = O(‖x− x∗‖+ ‖λ− λ̂‖).

This implies that when δ > 0 is sufficiently small, λ+ ∈ Uδ1(λ
∗). Hence v+

i > 0, ∀i ∈ I+.

However, we have v+
i = 0, ∀i �∈ I+. Therefore, we have shown v+ ≥ 0. 2

We state the iterative process to generate {zk} as follows.

Algorithm 1 Let ρ > 0 be a given constant. At step k, let Sk be defined by (18). Solve (19)

and get a solution (p̃k, ũ
+
k , ṽ+

Sk
). If ṽ+

Sk
≥ 0, then let pk = p̃k, uk+1 = ũ+

k , (vk+1)i = (ṽ+
k )i for

i ∈ Sk, and (vk+1)i = 0 for i �∈ Sk, and let zk+1
�= (xk+1, λk+1) = (xk+pk, uk+1, vk+1). Otherwise,

exclude indices i for which (ṽ+
k )i < 0 from Sk and repeat the process.

Remark Since I+(v̂k) ⊂ Sk, by Lemma 4, we can get a solution of (19) with nonnegative v+
k

after solving it at most |Sk| − |I+(v̂k)| times.

By means of Lemma 1, it is not difficult to prove the following lemma.

Lemma 5 Let µk and νk satisfy for some constant C > 0

C‖xk − x∗‖ ≤ µk = O(‖xk − x∗‖+ ‖λk − λ̂k‖)(21)

and

C‖xk − x∗‖ ≤ νk = O(‖xk − x∗‖+ ‖λk − λ̂k‖)(22)
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If (xk, λk) is close to (x∗, λ∗), then we have

‖pk‖+ ‖λk+1 − λ̂k‖ = O(‖x− x∗‖+ ‖λk − λ̂k‖).

Consequently,

‖pk‖+ ‖λk+1 − λk‖ = O(‖x− x∗‖+ ‖λk − λ̂k‖).(23)

Lemma 6 Let µk and νk satisfy (21) and (22), respectively. Then, we have

‖xk+1 − x∗‖ = O(‖xk − x∗‖2 + ‖λk − λ̂k‖‖xk − x∗‖).(24)

Proof Let Qk = ∇2
xL(xk, λk). It is easy to deduce from (19) that




∇2
xL(zk) ∇h(xk) ∇gSk

(xk)

∇h(xk)T −νkI 0

∇gSk
(xk)T 0 −µkI







xk + pk − x∗

uk+1 − ûk

(vk+1 − v̂k)Sk


 = −




φ̃k

ψ̃k

η̃k


 ,

where
φ̃k = ∇f(xk) +∇h(xk)ûk +∇gSk

(xk)v̂Sk
−Qk(xk − x∗),

ψ̃k = h(xk)−∇h(xk)T (xk − x∗) + νk(uk − ûk),

η̃k = gSk
(xk)−∇gSk

(xk)T (xk − x∗) + µk(vk − v̂k)Sk
,

and v̂Sk
= (v̂k)Sk

. Since I+(v̂k) ⊂ Sk, we have (v̂k)i = 0 for any i �∈ Sk. It is easy to deduce by

Taylor’s expansion

‖φ̃k‖ = ‖∇f(xk) +∇h(xk)ûk +∇gSk
(xk)v̂Sk

−Qk(xk − x∗)‖
= ‖∇xL(xk, λ̂k)−∇xL(x∗, λ̂k)−∇2

xL(xk, λk)(xk − x∗)‖
= O(‖xk − x∗‖2 + ‖λk − λ̂k‖‖xk − x∗‖).(25)

We also have

‖ψ̃k‖ = ‖h(xk)− h(x∗)−∇h(xk)T (xk − x∗) + νk(uk − ûk)‖
= O(‖xk − x∗‖2 + νk‖uk − ûk‖)
= O(‖xk − x∗‖2 + ‖λk − λ̂k‖‖xk − x∗‖),(26)

where the last equality follows from (22). Similarly, we have

‖η̃k‖ = ‖gSk
(xk)− gSk

(x∗)−∇gSk
(xk)(xk − x∗) + µk(vk − v̂k)Sk

‖
= O(‖xk − x∗‖2 + µk‖vk − v̂k‖)
= O(‖xk − x∗‖2 + ‖λk − λ̂k‖‖xk − x∗‖).(27)

Estimation (24) then follows from (25), (26), (27) and Lemma 1. 2
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Lemma 7 Let µk and νk satisfy (21) and (22), respectively Then we have

‖λk+1 − λ̂k+1‖ = O((‖xk − x∗‖+ ‖λk − λ̂k‖)2).

Proof By Taylor’s expansion, we deduce

‖∇xL(xk+1, λk+1)‖ = ‖∇xL(xk, λk+1) +∇2
xL(xk, λk+1)pk‖+O(‖pk‖2)

= ‖(∇2
xL(xk, λk)−∇2

xL(xk, λk+1))pk‖+O(‖pk‖2)

= O(‖λk+1 − λk‖ ‖pk‖) +O(‖pk‖2)

= O(‖xk − x∗‖2 + ‖λk − λ̂k‖2),(28)

where the second equality follows from the first equation of (19) and the last equality follows

from (23). So, we get from (24) and (28)

‖∇xL(x∗, λk+1)‖ ≤ ‖∇xL(x∗, λk+1)−∇xL(xk+1, λk+1)‖+ ‖∇xL(xk+1, λk+1)‖
= O(‖xk+1 − x∗‖) +O(‖xk − x∗‖2 + ‖λk − λ̂k‖2)

= O((‖xk − x∗‖+ ‖λk − λ̂k‖)2).(29)

We note that λk+1 satisfies

vk+1 ≥ 0, and vT
k+1g(x

∗) = 0,

where the complementarity condition vT
k+1g(x

∗) = 0 holds because for any i �∈ I(x∗), we have

i �∈ Sk, which implies (vk+1)i = 0. By a Hoffman theorem [9], dist (λk+1,M) is then bounded

by O(‖∇xL(x∗, λk+1)‖). That is

‖λk+1 − λ̂k+1‖ = dist (λk+1,M) = O(‖∇xL(x∗, λk+1)‖) = O((‖xk − x∗‖+ ‖λk − λ̂k‖)2).(30)

where the last equality follows from (29). 2

From the proof of Lemma 7, we see that vk+1 ≥ 0 is required to get estimate (30). If

(vk+1)i < 0 for some i, then we can only ge the estimate

‖λk+1 − λ̂k+1‖ = dist (λk+1,M) = O(‖∇xL(x∗, λk+1)‖) +O(‖max{vk+1, 0}‖),

which may not yield the last equation of (30).

Combining Lemma 6 and Lemma 7, we have established a quadratic convergence theorem for

the Algorithm 1.

Theorem 1 Let Assumption A hold and µk and νk satisfy (21) and (22), respectively. Then the

sequence (xk, λk) generated by Algorithm 1 converges locally quadratically.
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Theorem 1 shows the quadratic convergence of Algorithm 1. The convergence depends on the

choice of parameters µk and νk. Wright [14] suggested for the inequality constrained problem to

take µk = ‖(∇xL(zk), min(vk,−g(xk))‖. It has shown that such a µk satisfies (21). For problem

(1), we give another choice of µk and νk, which is slightly different from Wright’s choice. For

z = (x, u, v), define a function ηk by

ηk(z) = (∇xL(z), h(x), gSk
(x)),

where Sk is the index set generated by Algorithm 1. Let

νk = µk = ‖η(zk)‖.(31)

It is clear that ηk is differentiable and ηk(z∗) = 0 for any (u∗, v∗) ∈ M and every k. By use of

the mean value theorem and Lemma 1, it is not difficult to show that µk and νk, defined by (31)

satisfy (21) and (22).

4 Quasi-Newton Methods

In this section, we consider quasi-Newton methods. That is, the method obtained by substituting

∇2
xL(zk) in (20) with an n × n matrix Bk. The subproblem of the quasi-Newton-SSQP is then

the following system of linear equations



Bk ∇h(xk) ∇gSk
(xk)

∇h(xk)T −νkI 0

∇gSk
(xk)T 0 −µkI







pk

∆uk

∆vSk


 = −




φk

h(xk)

gSk
(xk)


 ,(32)

where

φk = ∇f(xk) +∇h(xk)uk +∇gSk
(xk)vSk

.

To make the system of linear equations (32) consistent, we assume that Bk is symmetric and

positive definite in the null space of {∇h(xk),∇gSk
(xk)}. That is, there is a constant α > 0 such

that

wTBkw ≥ α‖w‖2, ∀w ∈ {w |∇h(xk)Tw = 0, ∇gSk
(xk)Tw = 0}.

The following theorem characterizes superlinear convergence property of a quasi-Newton-SSQP

method.

Theorem 2 Let sequence {(xk, λk)} be generated by a quasi-Newton-SSQP method, and µk and

νk satisfy (21) and (22), respectively. Suppose that the conditions of Assumption A hold. Then

the following statements hold.
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(i) If {(xk, λk)} converges to a KKT point (x∗, λ∗) of (1) superlinearly, then

lim
k→∞

‖(Bk −∇2
xL(x∗, λ∗))pk‖

‖(pk, ∆λk)‖ = 0,(33)

where ∆λk = λk+1 − λk = (∆uk, ∆vk) = (uk+1 − uk, vk+1 − vk).

(ii) If the condition

lim
k→∞

‖(Bk −∇2
xL(x∗, λ̂k))pk‖

‖(pk, ∆λk)‖ = 0(34)

holds, then {(xk, λk)} converges superlinearly.

Proof Let

qk(λ̄) =




(B −∇2
xL(x∗, λ̄))pk

0

0


 ,

where λ̄ = (ū, v̄) ∈ M . It is easy to see from (32) that for any λ̄ ∈ M

−qk(λ̄) =




∇2
xL(x

∗, λ̄) ∇h(xk) ∇gSk
(xk)

∇h(xk)T −νkI 0

∇gSk
(xk)T 0 −µkI







pk

∆uk

∆vSk


 +




φk

h(xk)

gSk
(xk)




=




∇2
xL(x∗, λ̄) ∇h(xk) ∇gSk

(xk)

∇h(xk)T −νkI 0

∇gSk
(xk)T 0 −µkI







xk + pk − x∗

uk+1 − ū

(vk+1 − v̄)Sk




+




φk −∇h(xk)(uk − ū)−∇gSk
(xk)(vk − v̄)Sk

−∇2
xL(x

∗, λ̄)(xk − x∗)

h(xk)−∇h(xk)T (xk − x∗) + νk(uk − ū)

(g(xk)−∇g(xk)T (xk − x∗) + µk(vk − v̄))Sk




=




∇2
xL(x∗, λ̄) ∇h(xk) ∇gSk

(xk)

∇h(xk)T −νkI 0

∇gSk
(xk)T 0 −µkI







xk + pk − x∗

uk+1 − ū

(vk+1 − v̄)Sk




+O(‖xk − x∗‖2 + (µk + νk)‖λk − λ̄‖).(35)

(i) If {(xk, λk)} converges to (x∗, λ∗) superlinearly, then we get from (21), (22) and (35)

lim
k→∞

‖qk(λ∗)‖
‖(xk − x∗, λk − λ∗)‖ = 0.(36)

However, the superlinear convergence of {(xk, λk)} implies

lim
k→∞

‖(xk − x∗, λk − λ∗)‖
‖(pk, ∆λk)‖ = 1.
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Therefore, by the definition of qk, (36) implies

lim
k→∞

‖(Bk −∇2
xL(x

∗, λ∗))pk‖
‖(pk, ∆λk)‖ = lim

k→∞
‖qk(λ∗)‖

‖(pk, ∆λk)‖ = 0.

This shows (33).

(ii) Suppose that (34) holds. Let

ηk =
‖qk(λ̂k)‖

‖pk‖+ ‖∆λk‖ =
‖(Bk −∇2

xL(x
∗, λ̂k))pk‖

‖pk‖+ ‖∆λk‖ .

It is clear that (34) holds if and only if ηk → 0. From (32), we have






∇2
xL(x∗, λ̂k) ∇h(xk) ∇gSk

(xk)

∇h(xk)T −νkI 0

∇gSk
(xk)T 0 −µkI


 +O(ηk)







pk

∆uk

∆vSk


 = −




φk

h(xk)

gSk
(xk)


 .(37)

In a way similar to Lemma 5, it is not difficult to deduce

‖pk‖+ ‖∆λk‖ = O(‖xk − x∗‖+ ‖λ− λ̂k‖).

Consequently, (37) can be rewritten as



∇2
xL(x

∗, λ̂k) ∇h(xk) ∇gSk
(xk)

∇h(xk)T −νkI 0

∇gSk
(xk)T 0 −µkI







pk

∆uk

∆vSk


 = −




φk

h(xk)

gSk
(xk)


 + o(‖xk − x∗‖+ ‖λ− λ̂k‖).

Following a similar argument to Lemma 6, we can show

‖xk + pk − x∗‖ = ηkO(‖pk‖+ ‖∆λk‖) +O(‖xk − x∗‖2) = o(‖xk − x∗‖+ ‖λk − λ̂k‖).(38)

On the other hand, by the Hoffman Theorem [9], there is a constant C > 0 such that

‖λk+1 − λ̂k+1‖ ≤ C‖∇xL(x∗, λk+1)‖
≤ C(‖∇xL(x∗, λk+1)−∇xL(xk+1, λk+1)‖+ ‖∇xL(xk+1, λk+1)‖)
≤ O(‖xk+1 − x∗‖) + C‖∇L(xk, λk+1) +∇2

xL(xk, λk+1)pk‖+O(‖pk‖2)

= o(‖xk − x∗‖+ ‖λ− λ̂k‖) + C‖(Bk −∇2
xL(xk, λk+1))pk‖

= o(‖xk − x∗‖+ ‖λ− λ̂k‖) + Cηk(‖pk‖+ ‖∆λk‖) + o(‖pk‖)
= o(‖xk − x∗‖+ ‖λ− λ̂k‖).

The last equality together with (38) implies the superlinear convergence of {(xk, λk)}. 2
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