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Abstract. This paper is concerned with the open problem of whether the BFGS method
with inexact line search converges globally when applied to nonconvex unconstrained optimization
problems. We propose a cautious BFGS update and prove that the method with either a Wolfe-
type or an Armijo-type line search converges globally if the function to be minimized has Lipschitz
continuous gradients.
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1. Introduction. The BFGS method is a well-known quasi-Newton method for
solving unconstrained optimization problems [5, 7]. Because of favorable numerical
experience and fast theoretical convergence, it has become a method of choice for
engineers and mathematicians who are interested in solving optimization problems.

Local convergence of the BFGS method has been well established [3, 4]. The
study on global convergence of the BFGS method has also made good progress. In
particular, for convex minimization problems, it has been shown that the iterates gen-
erated by the BFGS method are globally convergent if the exact line search or some
special inexact line search is used [1, 2, 6, 9, 16, 17, 18]. On the other hand, little is
known concerning global convergence of the BFGS method for nonconvex minimiza-
tion problems. Indeed, so far, no one has proved global convergence of the BFGS
method for nonconvex minimization problems or has given a counter example that
shows nonconvergence of the BFGS method. Whether the BFGS method converges
globally for a nonconvex function remains unanswered. This open problem has been
mentioned many times and is currently regarded as one of the most fundamental open
problems in the theory of quasi-Newton methods [8, 15].

Recently, the authors [12] proposed a modified BFGS method and established
its global convergence for nonconvex unconstrained optimization problems. The au-
thors [11] also proposed a globally convergent Gauss–Newton-based BFGS method
for symmetric nonlinear equations that contain unconstrained optimization problems
as a special case. The results obtained in [11] and [12] positively support the open
problem. However, the original question still remains unanswered.

The purpose of this paper is to study this problem further. We introduce a
cautious update in the BFGS method and prove that the method with a Wolfe-type
or an Armijo-type line search converges globally if the function to be minimized has
Lipschitz continuous gradients. Moreover, under appropriate conditions, we show that
the cautious update eventually reduces to the ordinary update.
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In the next section, we present the BFGS method with a cautious update. In
section 3, we prove global convergence and, under additional assumptions, superlinear
convergence of the algorithm. In section 4, we report some numerical results with the
algorithm.

We introduce some notation: For a real-valued function f : Rn → R, g(x) and
G(x) denote the gradient and Hessian matrix of f at x, respectively. For simplicity,
g(xk) and G(xk) are often denoted by gk and Gk, respectively. For a vector x ∈ Rn,
‖x‖ denotes its Euclidean norm.

2. Algorithm. Let f : Rn → R be continuously differentiable. Consider the
following unconstrained optimization problem:

min f(x), x ∈ Rn.(2.1)

The ordinary BFGS method for (2.1) generates a sequence {xk} by the iterative
scheme:

xk+1 = xk + λkpk, k = 0, 1, 2, . . . ,

where pk is the BFGS direction obtained by solving the linear equation

Bkp+ gk = 0.(2.2)

The matrix Bk is updated by the BFGS formula

Bk+1 = Bk − Bksks
T
kBk

sTkBksk
+
yky

T
k

yTk sk
,(2.3)

where sk = xk+1 − xk and yk = gk+1 − gk. A good property of formula (2.3) is that
Bk+1 inherits the positive definiteness of Bk as long as yTk sk > 0. The condition
yTk sk > 0 is guaranteed to hold if the stepsize λk is determined by the exact line
search

f(xk + λkpk) = min
λ>0

f(xk + λpk)(2.4)

or the Wolfe-type inexact line search

{
f(xk + λkpk) ≤ f(xk) + σ1λkg(xk)

T pk,
g(xk + λkpk)

T pk ≥ σ2g(xk)
T pk,

(2.5)

where σ1 and σ2 are positive constants satisfying σ1 < σ2 < 1. In addition, if
λk = 1 satisfies (2.5), we take λk = 1. Global convergence of the BFGS method with
the line search (2.4) or (2.5) for convex minimization problems has been studied in
[1, 2, 6, 9, 16, 17, 18].

Another important inexact line search is the Armijo-type line search that finds a
λk that is the largest value in the set {ρi|i = 0, 1, . . .} such that the inequality

f(xk + λkpk) ≤ f(xk) + σλkg(xk)T pk(2.6)

is satisfied, where σ and ρ are constants such that σ, ρ ∈ (0, 1). The Armijo-type line
search does not ensure the condition yTk sk > 0 and hence Bk+1 is not necessarily posi-
tive definite even if Bk is positive definite. In order to ensure the positive definiteness
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of Bk+1, the condition yTk sk > 0 is sometimes used to decide whether or not Bk is
updated . More specifically, Bk+1 is determined by

Bk+1 =



Bk − Bksks

T
kBk

sTkBksk
+
yky

T
k

yTk sk
if yTk sk > 0,

Bk otherwise.
(2.7)

Computationally, the condition yTk sk > 0 is often replaced by the condition yTk sk >
η, where η > 0 is a small constant. In this paper, we propose a cautious update
rule similar to the above and establish a global convergence theorem for nonconvex
problems. For the sake of motivation, we state a lemma due to Powell [17].

Lemma 2.1 (Powell [17]). If the BFGS method with the line search (2.5) is applied
to a continuously differentiable function f that is bounded below, and if there exists a
constant M > 0 such that the inequality

‖yk‖2

yTk sk
≤M(2.8)

holds for all k, then

lim inf
k→∞

‖g(xk)‖ = 0.(2.9)

Notice that if f is twice continuously differentiable and convex, then (2.8) always
holds whenever {xk} is bounded. Therefore, global convergence of the BFGS method
follows immediately from Lemma 2.1. However, in the case where f is nonconvex,
it seems difficult to guarantee (2.8). This is probably the main reason why global
convergence of the BFGS method has yet to be proved. In [12], the authors proposed
a modified BFGS method by using ỹk = C‖gk‖sk+(gk+1−gk) with a constant C > 0
instead of yk in the update formula (2.3). Global convergence of the modified BFGS
method in [12] is proved without the convexity assumption on f by means of Lemma
2.1 with a contradictory assumption that {‖gk‖} are bounded away from zero. We
further study global convergence of the BFGS method for (2.1). Instead of modifying
the method, we introduce a cautious update rule in the ordinary BFGS method. To
be precise, we determine Bk+1 by

Bk+1 =



Bk − Bksks

T
kBk

sTkBksk
+
yky

T
k

yTk sk
if

yTk sk
‖sk‖2 ≥ ε‖gk‖α,

Bk otherwise,
(2.10)

where ε and α are positive constants.
Now, we state the BFGS method with the cautious update.
Algorithm 1.

Step 0 Choose an initial point x0 ∈ Rn and an initial symmetric and positive definite
matrix B0 ∈ Rn×n. Choose constants 0 < σ1 < σ2 < 1, α > 0, and ε > 0. Let k := 0.
Step 1 Solve the linear equation (2.2) to get pk.
Step 2 Determine a stepsize λk > 0 by (2.5) or (2.6).
Step 3 Let the next iterate be xk+1 := xk + λkpk.
Step 4 Determine Bk+1 by (2.10).
Step 5 Let k := k + 1 and go to Step 1.

Remark. It is not difficult to see from (2.10) that the matrix Bk generated by
Algorithm 1 is symmetric and positive definite for all k, which in turn implies that



ON THE GLOBAL CONVERGENCE OF THE BFGS METHOD 1057

{f(xk)} is a decreasing sequence whichever line search (2.5) or (2.6) is used. Moreover,
we have from (2.5) or (2.6)

−
∞∑
k=0

gTk sk <∞(2.11)

if f is bounded below. In particular, we have

− lim
k→∞

λkg
T
k pk = − lim

k→∞
gTk sk = 0.(2.12)

3. Global convergence. In this section, we prove global convergence of Algo-
rithm 1 under the following assumption, which we assume throughout this section.

Assumption A. The level set

Ω = {x ∈ Rn | f(x) ≤ f(x0)}
is bounded, the function f is continuously differentiable on Ω, and there exists a
constant L > 0 such that

‖g(x)− g(y)‖ ≤ L‖x− y‖ ∀x, y ∈ Ω.(3.1)

Since {f(xk)} is a decreasing sequence, it is clear that the sequence {xk} generated
by Algorithm 1 is contained in Ω.

For the sake of convenience, we define the index set

K̄ =
{
i
∣∣∣ yTi si‖si‖2 ≥ ε‖gi‖α

}
.(3.2)

By means of K̄, we may rewrite (2.10) as

Bk+1 =



Bk − Bksks

T
kBk

sTkBksk
+
yky

T
k

yTk sk
if k ∈ K̄,

Bk otherwise.
(3.3)

Now we proceed to establishing global convergence of Algorithm 1. First, we show
the following convergence theorem.

Theorem 3.1. Let {xk} be generated by Algorithm 1. If there are positive con-
stants β1, β2, β3 > 0 such that the relations

‖Bksk‖ ≤ β1‖sk‖, β2‖sk‖2 ≤ sTkBksk ≤ β3‖sk‖2(3.4)

hold for infinitely many k, then we have

lim inf
k→∞

‖g(xk)‖ = 0.(3.5)

Proof. Since sk = λkpk, it is clear that (3.4) holds true if sk is replaced by pk.
Let K be the set of indices k such that (3.4) hold. It is not difficult to deduce from
(2.2) and (3.4) that for each k ∈ K

β2‖pk‖ ≤ ‖g(xk)‖ ≤ β1‖pk‖.(3.6)

Consider the case where the Armijo-type line search (2.6) is used with the back-
tracking parameter ρ. If λk = 1, then we have

f(xk + ρ−1λkpk)− f(xk) > σρ−1λkg(xk)
T pk.(3.7)
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By the mean-value theorem, there is a θk ∈ (0, 1) such that

f(xk + ρ−1λkpk)− f(xk)
= ρ−1λkg(xk + θkρ

−1λkpk)
T pk

= ρ−1λkg(xk)
T pk + ρ−1λk(g(xk + θkρ

−1λkpk)− g(xk))T pk
≤ ρ−1λkg(xk)

T pk + Lρ−2λ2
k‖pk‖2,(3.8)

where L > 0 is the Lipschitz constant of g. Substituting (3.8) into (3.7), we get for
any k ∈ K

λk ≥ −(1− σ)ρg(xk)T pk
L‖pk‖2

=
(1− σ)ρpTkBkpk

L‖pk‖2
≥ (1− σ)β2L

−1ρ.

This means that for each k ∈ K, we have

λk ≥ min{1, (1− σ)β2L
−1ρ} > 0.(3.9)

Consider the case where the Wolfe-type line search (2.5) is used. It follows from
the second inequality of (2.5) and the Lipschitz continuity of g that

Lλk‖pk‖2 ≥ (g(xk + λkpk)− g(xk))T pk ≥ −(1− σ2)g(xk)
T pk.

This implies

λk ≥ −(1− σ2)g(xk)
T pk

L‖pk‖2
=

(1− σ2)p
T
kBkpk

L‖pk‖2
≥ (1− σ2)β2L

−1.(3.10)

The inequalities (3.10) together with (3.9) show that {λk}k∈K is bounded away from
zero whenever the line search (2.5) or (2.6) is used. It then follows from (2.2) and
(2.12) that pTkBkpk = −g(xk)T pk → 0 as k → ∞ with k ∈ K. This together with
(3.4) and (3.6) implies (3.5).

Theorem 3.1 indicates that to prove global convergence of Algorithm 1, it suffices
to show that there are positive constants β1, β2, β3 such that (3.4) holds for infinitely
many k. To this end, we quote the following useful result [1, Theorem 2.1].

Lemma 3.2. Let Bk be updated by the BFGS formula (2.3). Suppose B0 is
symmetric and positive definite and there are positive constants m ≤M such that for
all k ≥ 0, yk and sk satisfy

yTk sk
‖sk‖2

≥ m, ‖yk‖2

yTk sk
≤M.(3.11)

Then there exist constants β1, β2, β3 > 0 such that, for any positive integer t, (3.4)
holds for at least �t/2� values of k ∈ {1, . . . , t}.

By using Lemma 3.2 and Theorem 3.1, we can establish the following global
convergence theorem for Algorithm 1.

Theorem 3.3. Let Assumption A hold and {xk} be generated by Algorithm 1.
Then (3.5) holds.

Proof. By Theorem 3.1, it suffices to show that there are infinitely many indices
k satisfying (3.4).

If K̄ is finite, then Bk remains constant after a finite number of iterations. Since
Bk is symmetric and positive definite for each k, it is obvious that there are constants
β1, β2, β2 > 0 such that (3.4) holds for all k sufficiently large.
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Consider the case where K̄ is infinite. For the sake of contradiction, we suppose
that (3.5) is not true. That is, there is a constant δ > 0 such that ‖gk‖ ≥ δ for all k.
It then follows from (3.2) that yTk sk ≥ εδα‖sk‖2 holds for all k ∈ K̄. This together
with (3.1) implies that for any k ∈ K̄, we have

‖yk‖2

yTk sk
≤ L2

εδα
.

Applying Lemma 3.2 to the matrix subsequence {Bk}k∈K̄ , it is clear that there are
constants β1, β2, β3 > 0 such that (3.4) holds for infinitely many k. The proof is then
complete.

Theorem 3.3 shows that there exists a subsequence of {xk} converging to a sta-
tionary point x∗ of (2.1). If f is convex, then x∗ is a global minimum of f . Since
the sequence {f(xk)} converges, it is clear that every accumulation point of {xk} is a
global optimal solution of (2.1). That is, we have the following corollary.

Corollary 3.4. Let Assumption A hold and {xk} be generated by Algorithm 1.
If f is convex, then the whole sequence {gk} converges to zero. Consequently, every
accumulation point of {xk} is a global optimal solution of (2.1).

In the case where f is nonconvex, Corollary 3.4 is not guaranteed. The follow-
ing theorem shows that if some additional conditions are assumed, then the whole
sequence {xk} converges to a local optimal solution of (2.1).

Theorem 3.5. Let f be twice continuously differentiable. Suppose that sk → 0.
If there exists an accumulation point x∗ of {xk} at which g(x∗) = 0 and G(x∗) is
positive definite, then the whole sequence {xk} converges to x∗. If in addition, G is
Hölder continuous and the parameters in the line searches satisfy σ, σ1 ∈ (0, 1/2),
then the convergence rate is superlinear.

Proof. The assumptions particularly imply that x∗ is a strict local optimal solution
of (2.1). Since {f(xk)} converges, it follows that x∗ is an isolated accumulation point
of {xk}. Then, by the assumption that {sk} converges to zero, the whole sequence
{xk} converges to x∗. Hence {gk} tends to zero and, by the positive definiteness of
G(x∗), the matrices

Ak
	
=

∫ 1

0

G(xk + τsk)dτ

are uniformly positive definite for all k large enough. Moreover, by the mean-value
theorem, we have yk = Aksk. Therefore, there is a constant m̄ > 0 such that yTk sk ≥
m̄‖sk‖2, which implies that when k is sufficiently large, the condition yTk sk/‖sk‖2 ≥
ε‖gk‖α is always satisfied. This means that Algorithm 1 reduces to the ordinary BFGS
method when k is sufficiently large. The superlinear convergence of Algorithm 1 then
follows from the related theory in [1, 2, 17].

4. Numerical experiments. This section reports some numerical experiments
with Algorithm 1. We tested the algorithm on some problems [14] taken from MAT-
LAB with given initial points. These problems can be obtained at the website
ftp://ftp.mathworks.com/pub/contrib/v4/optim/uncprobs/. We applied Algorithm
1, which will be called the CBFGS method (C stands for cautious), with the Armijo-
type or the Wolfe-type line search or polynomial search, to these problems and com-
pared it with the ordinary BFGS method. We used the condition ‖g(xk)‖ ≤ 10−6

as the stopping criterion. For each problem, we chose the initial matrix B0 = I,
i.e., the unit matrix. For each problem, the parameters common to the two methods
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were set identically. Specifically, we set σ1 = 0.1 and σ2 = 0.9 in the Wolfe-type line
search (2.5), and σ = 0.01 in the Armijo-type line search (2.6). We let ε = 10−6

in the cautious update (2.10). We let ρ = 0.5 in the Armijo-type line search. Due
to roundoff error, sometimes the directions generated by the algorithms may be not
descent. We then use the steepest descent direction instead of the related BFGS (or
CBFGS) direction if gkpk > −10−14.

As to the parameter α in the cautious update (2.10), we first let α = 0.01 if
‖gk‖ ≥ 1, and α = 3 if ‖gk‖ < 1. We call this choice Rule 1. Rule 1 is intended to
make the cautious update closer to the original BFGS update. It is not difficult to
see that the convergence theorems in section 3 remain true if we choose α according
to this rule. Indeed, even if α varies in an interval [µ1, µ2] with µ1 > 0, all the
theorems in section 3 hold true. More generally, as an anonymous referee pointed
out, the convergence theorems in section 3 remain true if ε‖gk‖α is replaced by a
general forcing function φ(‖gk‖), which is strictly monotone with φ(0) = 0. We also
tested the cautious update (2.10) with α = 1 always, which we call Rule 2.

Tables 1, 2, and 3 show the computational results, where the columns have the
following meanings:

Problem: the name of the test problem in MATLAB;
Dim: the dimension of the problem;
CBFGS1: the number of iterations for the cautious BFGS method with Rule 1;
CBFGS2: the number of iterations for the cautious BFGS method with Rule 2;
BFGS: the number of iterations for the BFGS method;
L-BFGS: the number of iterations for the L-BFGS method [13];
off: the number of k’s such that yT

k sk/‖sk‖2 < ε‖gk‖α (CBFGS),
the number of k’s such that yT

k sk/‖sk‖2 < ε (BFGS with Armijo search);
SD: the number of iterations for which the steepest descent direction used;
fnum: the number of function evaluations;
gnum: the number of gradient evaluations.

We first tested the CBFGS method and the BFGS method through a MATLAB
code we ourselves wrote. The results are given in Tables 1 and 2. Tables 1 and 2 show
the performance of the CBFGS method and the BFGS method with the Armijo-type
line search and the Wolfe-type line search, respectively. From the results, we see
that the CBFGS method is compatible with the ordinary BFGS method. Moreover,
for the problem “meyer,” the BFGS method did not terminate regularly, while the
CBFGS method did. However, this does not mean that the ordinary BFGS method
with the Wolfe search fails to converge when applied to solve this problem. If we
adjust the parameters appropriately, then starting from the same initial point, the
ordinary BFGS method with the Wolfe search also converges to a station point of this
“meyer.”

We then edited a MATLAB code for the CBFGS method with a polynomial line
search based on a standard low storage BFGS code called L-BFGS given by Kelley
[13] (http://www.siam.org/catalog/mcc12/fr18.htm). The test results are given in
Table 3. Table 3 shows that for the test problems, the CBFGS method converges to
a stationary point of the test problem if the L-BFGS method does.

We observed that the condition in the cautious update was usually satisfied, which
suggests that the ordinary BFGS method is generally “cautious,” and hence it seldom
fails in practice. The results also show that the choice of the parameter α affects
the performance of the method. Moreover, if we choose it appropriately, then the
condition in the cautious update is almost always satisfied and the CBFGS method
essentially reduces to the ordinary BFGS method. However, when it was violated too
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Table 1
Test results for CBFGS/BFGS methods with Armijo search.

CBFGS1 CBFGS2 BFGS
Problem Dim Iter off SD fnum Iter off SD fnum Iter off SD fnum
badscb 2 42 0 1 91 - - - - 42 0 1 91
badscp 2 193 7 2 332 277 107 3 452 474 259 34 1335
band 10 - - - - - - - - - - - -
bard 3 23 0 0 34 23 0 0 34 26 5 0 40
bd 4 - - - - - - - - - - - -
beale 2 15 0 0 24 15 0 0 24 15 0 0 24
biggs 6 42 2 0 52 42 0 0 52 42 2 0 52
box 3 30 0 0 40 30 0 0 40 30 0 0 40
bv 10 18 0 0 39 18 0 0 39 18 0 0 38
froth 2 10 0 0 22 10 0 0 22 13 0 0 51
gauss 3 4 0 0 7 4 0 0 7 4 0 0 7
gulf 3 1 0 0 4 1 0 0 4 1 0 0 2
helix 3 27 0 0 54 27 0 0 54 31 0 0 59
ie 10 11 0 0 14 11 0 0 14 10 0 0 12
ie 100 12 0 0 15 12 0 0 15 12 0 0 14
jensam 2 12 0 0 24 12 0 0 24 12 0 0 24
kowosb 4 28 0 0 32 28 0 0 32 29 0 0 32
lin 10 1 0 0 3 1 0 0 3 1 0 0 3
lin 100 1 0 0 3 1 0 0 3 1 0 0 3
lin1 10 2 0 0 21 2 0 0 21 2 0 0 21
lin0 10 2 0 0 19 2 0 0 19 2 0 0 19
meyer 3 6 0 2 57 2 0 0 19 6 0 2 57
osb1 5 50 0 2 121 32 28 29 191 50 0 2 121
osb2 11 53 0 0 80 53 0 0 80 58 0 0 84
pen1 10 152 3 0 215 152 3 0 215 154 3 0 216
pen1 100 279 1 0 406 279 1 0 406 299 2 0 441
pen2 10 917 0 0 1338 917 0 0 1338 571 0 0 851
rose 2 34 0 0 54 34 0 0 54 34 0 0 54
rosex 100 407 0 1 1148 407 0 0 1148 405 0 1 1134
sing 4 29 0 0 52 29 0 0 52 29 0 0 52
singx 400 191 0 0 633 191 0 0 633 182 0 0 590
trid 10 19 0 0 74 19 0 0 74 42 1 0 94
trid 100 112 0 0 637 121 0 0 637 145 0 0 650
trig 10 26 0 0 27 26 0 0 27 26 0 0 27
trig 100 48 0 0 51 48 0 0 51 48 0 0 51
vardim 10 13 0 0 35 13 0 0 35 13 0 0 35
watson 12 58 0 0 87 58 0 0 87 58 0 0 87
watson 20 55 0 0 91 55 0 0 91 55 0 0 91
wood 4 52 0 0 97 52 0 0 97 28 0 1 73

often, the CBFGS method’s performance was worse than the BFGS method, even
failing to converge.

5. Conclusion. We have proposed a cautious BFGS update and shown that
the method converges globally with the Wolfe-type line search or the Armijo-type
line search. The method retains the scale-invariance property of the original BFGS
method, except for a minor scale dependence of the skipping condition in the cautious
update (2.10). Moreover, the cautious update makes Bk+1 inherit the positive defi-
niteness of Bk no matter what line search is used. The established global convergence
theorems do not rely on the convexity assumption on the objective function. The
reported numerical results show that the BFGS method with the proposed cautious
update is comparable to the ordinary BFGS method. Moreover, the conditions used
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Table 2
Test results for CBFGS/BFGS methods with Wolfe search.

CBFGS1 CBFGS2 BFGS
Problem Dim Iter(off, SD) fnum gnum Iter(off, SD) fnum gnum Iter(SD ) fnum gnum
badscb 2 5 (5, 0) 34 12 - - - 26(1) 114 175
badscp 2 319(199, 8) 1391 2196 180(20, 7) 782 1223 174(10) 587 827
band 10 - - - - - - - - -
bard 3 14(0, 0) 46 47 14(0, 0) 44 67 14(0) 46 47
bd 4 - - - - - - - - -
beale 2 14(0, 0) 38 55 14(0, 0) 38 55 14(0) 38 55
biggs 6 30(0, 0) 97 159 30(0, 0) 97 159 30(0) 97 159
box 3 16(1, 0) 68 111 20(0, 0) 75 123 20(0) 75 123
bv 10 15(0, 0) 42 54 15(0, 0) 42 54 15(0) 42 54
froth 2 11(2, 0) 27 34 8(0, 0) 24 31 8(0) 24 31
gauss 3 4(0, 0) 13 19 4(0, 0) 13 19 4(0) 13 19
gulf 3 1(0, 0) 2 2 1(0, 0) 2 2 1(0) 2 2
helix 3 30(2, 0) 103 147 28(0, 0) 94 137 28(0) 94 137
ie 10 11(0, 0) 17 20 11(0, 0) 17 20 11(0) 17 20
ie 100 13(0, 0) 19 22 13(0, 0) 19 22 13(0) 19 22
jensam 2 10(0, 0) 30 41 10(0, 0) 30 41 10(0) 30 41
kowosb 4 21(0, 0) 74 122 21(0, 0) 74 122 21(0) 74 122
lin 10 2(0, 0) 9 13 2(0, 0) 9 13 2(0) 9 13
lin 100 2(0, 0) 9 13 2(0, 0) 9 13 2(0) 9 13
lin1 10 5(3, 0) 46 38 2(0, 0) 13 11 2(0) 13 11
lin0 10 5(3, 0) 26 6 2(0, 0) 8 3 2(0) 8 3
meyer 3 11(9, 0) 72 76 - - - - - -
osb1 5 44(0,2) 157 221 44(0,2) 157 221 44(0,2) 157 221
osb2 11 52(0, 0) 153 231 52(0, 0) 153 231 52(0) 153 231
pen1 10 104(2, 0) 374 597 34(0, 0) 152 253 34(0) 152 253
pen1 100 36(4, 0) 135 185 70(0, 0) 333 553 70(0) 333 553
pen2 10 852(0, 0) 2594 4135 852(0, 0) 2594 4135 852(0) 2594 4135
rose 2 28(0, 0) 93 141 28(0, 0) 93 141 28(0) 93 141
rosex 100 322(1, 1) 1348 1843 333(0, 2) 1409 1934 333(2) 1409 1934
sing 4 35(0, 0) 134 216 35(0, 0) 134 216 35(0) 134 216
singx 400 186(4, 0) 674 833 196(0, 0) 671 817 196(0) 671 817
trid 10 20(0, 0) 57 57 20(0, 0) 57 57 20(0) 57 57
trid 100 95(0, 0) 546 622 95(0, 0) 546 622 95(0) 546 622
trig 10 24(0, 0) 58 91 24(0, 0) 58 91 24(0) 58 91
trig 100 46(0, 0) 117 185 46(0, 0) 177 185 46(0) 117 185
vardim 10 6(2, 0) 30 25 6(0, 0) 42 65 6(0) 42 65
watson 12 41(0, 0) 172 280 41(0, 0) 172 280 41(0) 172 280
watson 20 47 (0, 0) 210 348 47(0, 0) 210 348 47(0) 210 348
wood 4 48(1, 0) 156 225 49(0, 0) 149 220 49(0) 149 220

in the cautious rule are generally satisfied and hence the cautious update essentially
reduces to the ordinary update in most cases. This suggests that the ordinary BFGS
method is generally “cautious,” and hence the BFGS method seldom fails in practice.
We hope that the results established in this paper contribute toward resolving the
fundamental open problem of whether the BFGS method converges for nonconvex
unconstrained optimization problems.
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Table 3
Test results for CBFGS/L-BFGS methods with polynomial search.

CBFGS1 CBFGS2 BFGS
Problem Dim Iter off fnum Iter off fnum Iter off fnum
badscb 2 - - - - - - - - -
badscp 2 - - - - - - - - -
band 10 - - - - - - - - -
bard 3 28 1 64 28 1 64 28 1 64
bd 4 491 3 1021 491 3 1021 - - -
beale 2 19 0 42 19 0 42 19 0 42
biggs 6 52 1 116 52 1 116 52 1 116
box 3 30 0 82 38 0 82 38 0 82
bv 10 17 0 42 17 0 42 17 0 42
froth 2 9 0 23 9 0 23 9 0 23
gauss 3 3 0 8 3 0 8 3 0 8
gulf 3 1 0 3 1 0 3 1 0 3
helix 3 37 0 83 37 0 83 37 0 83
ie 10 9 0 21 9 0 21 9 0 21
ie 100 10 0 23 10 0 23 10 0 23
jensam 2 12 0 31 12 0 31 12 0 31
kowosb 4 28 0 60 28 0 60 28 0 60
lin 10 1 0 4 1 0 4 1 0 4
lin 100 1 0 4 1 0 4 1 0 4
lin1 10 - - - - - - - - -
lin0 10 743 4 1501 743 4 1501 - - -
meyer 3 - - - - - - - - -
osb1 5 - - - - - - - - -
osb2 11 58 0 136 58 0 136 72 1 174
pen1 10 188 3 433 188 3 433 199 7 454
pen1 100 796 5 1639 796 5 1639 372 7 773
pen2 10 305 2 721 305 2 721 258 5 592
rose 2 39 0 91 39 0 91 39 0 91
rosex 100 39 0 91 39 0 91 39 0 91
sing 4 50 0 110 50 0 110 50 0 110
singx 400 55 0 116 55 0 116 69 1 148
trid 10 18 0 60 18 0 60 18 0 60
trid 100 127 0 467 127 0 467 131 2 526
trig 10 26 0 53 26 0 53 26 0 53
trig 100 49 0 103 49 0 103 49 0 103
vardim 10 407 2 833 407 2 833 176 3 377
watson 12 61 0 137 61 0 137 87 1 197
watson 20 58 0 133 58 0 133 89 1 204
wood 4 30 0 75 30 0 75 30 0 75
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