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Abstract An active set limited memory BFGS algorithm for large-scale bound con-
strained optimization is proposed. The active sets are estimated by an identification
technique. The search direction is determined by a lower dimensional system of lin-
ear equations in free subspace. The implementations of the method on CUTE test
problems are described, which show the efficiency of the proposed algorithm.
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1 Introduction

The nonlinear programming problem with bound constraints is

min
x∈Rn

f (x) s.t. l ≤ x ≤ u, (1.1)
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444 Y. Xiao, D.-H. Li

where f : Rn → R is a nonlinear function whose gradient is available. We denote by
∇ f = (∇ f1(x), . . . ,∇ fn(x)) the gradient of f at x . The vectors l and u represent
the lower and upper bounds on the variables, respectively, and satisfy l < u. We let �

be the feasible region of (1.1), i.e.,

� = {x ∈ Rn : l ≤ x ≤ u}. (1.2)

A vector x ∈ � is said to be a stationary point for problem (1.1) if it satisfies

⎧
⎨

⎩

li = xi ⇒ ∇ fi (x) ≥ 0,

li < xi < ui ⇒ ∇ fi (x) = 0,

xi = ui ⇒ ∇ fi (x) ≤ 0.

(1.3)

Strict complementarity is said to hold at x if the strict inequalities hold in the first
and the last implications of (1.3). The bound constrained problem is very important
in practical optimization. Many practical problems can be converted into form (1.1).
In addition, bound constrained minimization algorithms are used as subalgorithms for
solving subproblems in the augmented Lagrangian and penalty methods for general
constrained optimization problems (see Conn et al. 1988, 1991; Krejić et al. 2000).

Active set based methods are welcome in the solution of (1.1). Early active set based
methods such as those in Goldfarb (1969) are quite efficient for lower dimensional
problems, but are unattractive for large-scale problems (see Bertsekas 1982; Dai and
Fletcher 2005). The main reason is that typically at each step of the algorithm at most
one constraint can be added to or dropped from the active set. The potential worst-case
may appear where each of the possible 3n active sets is visited before discovering the
optimal one (see Gould et al. 2005). Recently, there is a growing interest in the design
of active set methods that are capable of making rapid changes to incorrect predictions
(see Bertsekas 1982; Birgin and Martínez 2002; Facchinei et al. 1998, 2002; Ni and
Yuan 1997).

The projection method (e.g. Bertsekas 1982) is a constructive method to identify
the correct active set. It has been shown that it is possible, with the help of a projection
technique, to add to or drop from the current estimated active set many constraints at
each iteration and find the optimal active set in a finite number of steps (see Birgin
and Martínez 2002; Burke and Moré 1988; Conn et al. 1988; Dai and Fletcher 2005;
Lin and Moré 1999; Lescrenier 1991).

In Facchinei et al. (1998), Facchinei, Júdice, and Soares gave an active set Newton’s
algorithm for large-scale nonlinear programs with bound constraints. At each itera-
tion, the active and free variables were defined based on an identification technique
for the active set. An advantage of the method is that, at each iteration, only a lower
dimensional strictly convex quadratic subproblem needs to be solved. On the other
hand, its effectiveness depends upon the solution of the quadratic subproblem.

The purpose of this paper is to improve the effectiveness of the method by Facchinei
et al. (1998). We use the idea in Facchinei et al. (1998) to estimate the active set. On
the other hand, however, unlike the method in Facchinei et al. (1998), at each step of
our method, we only need to solve a lower-dimensional system of linear equations.
Our approach is similar to the algorithm proposed by Byrd et al. (1995), but we use an
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identification technique at each iteration. The algorithm is distinguished from some
existing methods (e.g. Bertsekas 1982; Birgin and Martínez 2002; Byrd et al. 1995;
Dai and Fletcher 2005; Ni and Yuan 1997) in that the gradient projection technique is
used to estimate the set of active constraints at each iteration.

Some desirable features of the proposed algorithm include:

• All iterates are feasible and the sequence of objective functions is decreasing.
• The subproblem is a lower dimensional system of linear equations.
• Rapid changes in the active set are allowed.
• A global convergence theory is established.

Moreover, it reserves the properties of the limited memory BFGS method (see Byrd
et al. 1995, 1994).

The paper is organized as follows. By the use of the identification technique and
limited memory BFGS update, we propose an algorithm in the next section. In Sect. 3,
we prove the global convergence of the algorithm. In Sect. 4, we test the performance
of the proposed algorithm and compare it with some existing algorithms.

Notation. The Hessian approximation is denoted by Bk , its inverse is denoted by
Hk . The index set of the free variables at iteration k is denoted by Fk . The submatrix
of Bk whose elements in Fk is denoted by Bk

Fk Fk . The number of elements in Fk is

denoted by |Fk |. ‖ · ‖ is used to denote the Eucilidean norm of vectors.

2 Algorithm

In this section, we develop an iterative method that generates a sequence of iterates
{xk} ⊆ � by

xk+1 = xk + αkdk, k = 0, 1, 2, . . . , (2.1)

where dk is a descent direction of f at xk and αk is the steplength that is determined
by Armijo line search of finding the smallest integer i = 0, 1, . . . satisfying

f (xk + 2−i dk) ≤ f (xk) + σ2−i∇ f (xk)T dk, (2.2)

where σ ∈ (0, 1
2 ) and set αk = 2−i . Throughout the paper, we assume that the

following assumption holds.

Assumption 2.1 The level set � = {x ∈ Rn : f (x) ≤ f (x0)} ∩ � is compact.

2.1 Search direction

In this subsection, using the active set identification technique in Facchinei et al.
(1998), we propose a way to find a descent direction of f at xk .

Let x ∈ Rn be a stationary point of problem (1.1). Consider the associated active
set

L = {i : li = xi }, U = {i : xi = ui }. (2.3)
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Denote by

F = {1, . . . , n}\(L ∪ U )

the index set of the free variables. Then condition (1.3) can be rewritten as

⎧
⎨

⎩

∇ fi (x) ≥ 0, ∀i ∈ L,

∇ fi (x) = 0, ∀i ∈ F,

∇ fi (x) ≤ 0, ∀i ∈ U .

(2.4)

Let ai (x) and bi (x) be nonnegative continuous and bounded functions defined on �,
such that if xi = li or xi = ui then ai (x) > 0 or bi (x) > 0, respectively. For x ∈ �,
we define index sets L(x), F(x) and U (x) as follows

L(x) = {i : xi ≤ li + ai (x)∇ fi (x)},
U (x) = {i : xi ≥ ui + bi (x)∇ fi (x)}, (2.5)

F(x) = {1, . . . , n}\(L ∪ U ).

The following theorem shows that L(x), F(x) and U (x) are indeed good estimate of
L , F , and U , respectively.

Theorem 2.1 For any x ∈ �, it holds that L(x) ∩ U (x) = Ø. Furthermore, if x is
a stationary point of problem (1.1) at which strict complementarity holds, then there
exists a neighborhood N (x) of x such that

L(x) = L, F(x) = F, U (x) = U , ∀ x ∈ N (x).

Proof For any x ∈ �, if j ∈ L(x), we obviously have ∇ f j (x) ≥ 0. Suppose j ∈
U (x), then we have u j ≥ x j ≥ u j + b j (x)∇ f j (x) ≥ u j . This yields l j = x j = u j

and ∇ f j (x) = 0, which is a contradiction. So we get L(x) ∩ U (x) = Ø.
The second conclusion follows from the optimality conditions (2.4), the nonneg-

ativity of functions ai (x) and bi (x) and the continuity of ai (x), bi (x) and ∇ fi (x). �
For simplicity, we let Lk = L(xk), U k = U (xk) and Fk = F(xk). Let dk =

(dk
Lk , dk

Fk , dk
U k ) in which dk

Lk and dk
U k is determined by

dk
i = li − xk

i , i ∈ Lk, (2.6)

dk
i = ui − xk

i , i ∈ U k, (2.7)

and dk
Fk be the solution of the following convex quadratic program

min
dFk ∈R|Fk |

∇ fFk (xk)T dFk + 1
2 dT

Fk Bk
Fk Fk dFk (2.8)

s.t. lFk − xk
Fk ≤ dFk ≤ uFk − xk

Fk , (2.9)
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where Bk
Fk Fk is a symmetric and positive definite matrix, that is an approximation to

∇2 f (xk) in some subspace. Facchinei et al. (1998) set Bk
Fk Fk = ∇2 fFk Fk (xk) + D,

where D is a diagonal matrix with nonnegative diagonal elements such that D = 0 if
and only if ∇2 fFk Fk (xk) is safely positive definite. To solve the subproblem, they sug-
gested to use the block pivoting algorithm. In this paper, we adopt the same technique
as the above process to determine dk

Lk and dk
U k . However, unlike (2.8) and (2.9), we

determine dk
Fk by solving a system of linear equations. We also use the limited memory

BFGS update to determine Bk . In order to generate feasible iterates, we backtrack the
path toward the feasible region.

2.2 Calculation of the subproblem

The limited memory BFGS method (see Liu and Nocedal 1989; Gilbert and Lemaréchal
1989) is an adaptation of the BFGS method to large-scale problems. In the limited
memory BFGS method, matrix Hk , as an approximation of ∇2 f (x)−1, is obtained
by updating the basic matrix H0 m times using BFGS formula with the previous m
iterations. The standard BFGS correction with Hk have the following form:

Hk+1 = (V k)T Hk V k + ρksk(sk)T ,

where ρk = 1
(yk )T sk , sk = xk+1 − xk , yk = gk+1 − gk , and V k = I − ρk yk(sk)T .

Therefore, Hk+1 in the limited memory BFGS method has the following form:

Hk+1 = (V k)T [(V k−1)T Hk−1V k−1 + ρk−1sk−1(sk−1)T ]V k + ρksk(sk)T

= (V k)T (V k−1)T Hk−1V k−1 + (V k)T ρk−1sk−1(sk−1)T V k + ρksk(sk)T

= · · ·
= [(V k)T · · · (V k−m+1)T ]Hk−m+1[V k−m+1 · · · V k−1]

+ρk−m+1[(V k−1)T · · · (V k−m+2)T ]sk−m+1(sk−m+1)T [V k−m+2 · · · V k−1]
+ · · · + ρksk(sk)T . (2.10)

To maintain the positive definiteness of the limited memory BFGS matrix, some
researchers suggested to discard correction pairs {sk, yk} if (yk)T sk ≤ 0 (e.g. Byrd
et al. 1995). Another technique was proposed by Powell (e.g. Powell 1978) in which
yk is defined by

yk =
{

yk, if (sk)T yk ≥ 0.2(sk)T Bksk,

θk yk + (1 − θk)Bksk, otherwise,
(2.11)

where

θk = 0.8(sk)T Bksk

(sk)T Bksk − (sk)T yk
.
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Let Zk be the matrix whose columns are {ei | i ∈ Fk}, where ei is the i-th
column of the identity matrix. Let Bk

Fk Fk = Z T
k Bk Zk , where Bk is an approximation

of ∇2 f (xk).
Now we use the limited memory method to solve (2.8), (2.9). Denote the solution

of (2.8) by

du
Fk = −

(
Bk

Fk Fk

)−1 ∇ fFk (xk), (2.12)

and

dk
Fk = α∗

k du
Fk . (2.13)

Let positive scalar α∗
k be defined by

α∗
k = max{α | α ≤ 1, li − xk

i ≤ αdu
i ≤ ui − xk

i , i ∈ Fk}. (2.14)

Note that when the strict complementarity condition holds, dFk is a strict interior point
of {dFk | lFk − xk

Fk ≤ dFk ≤ uFk − xk
Fk }, and α∗

k is always positive.

Let Hk
Fk Fk = Z T

k Hk Zk . We rewrite (2.12) as

du
Fk = −Hk

Fk Fk ∇ fFk (xk). (2.15)

Combining (2.13) with (2.14), we get dk as follows

dk
i =

⎧
⎨

⎩

li − xk
i , if i ∈ Lk,

ui − xk
i , if i ∈ U k,

(Z T
k dk

Fk
)i , if i ∈ Fk .

(2.16)

It is not difficult to see from (2.14) that xk + dk ∈ � for all k. Consequently, we have

xk + αdk ∈ �, ∀ α ∈ (0, 1].

Now, we state the steps of the active set limited memory BFGS (ActLBFGS) algo-
rithm as follows.

Algorithm 2.1 (ActLBFGS Algorithm)

Step 0. Given starting point x0 ∈ �, constants θ > 0, σ ∈ (0, 1
2 ) and positive

integer m. Given the “basic matrix” H0 = θ I . Set k := 0.

Step 1. Determine Lk = L(xk), U k = U (xk), and Fk = F(xk) according to (2.5).

Step 2. Determine dk by (2.16).
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Step 3. Stop if dk = 0.

Step 4. Using Armijo line search rule to find the smallest integer i = 0, 1, . . . satis-
fying (2.2). Let αk = 2ik .

Step 5. Set xk+1 = xk + αkdk . Update Hk to get Hk+1 by (2.10).

Step 6. Let k := k + 1. Go to Step 1.

3 Convergence analysis

In this section we show that under the conditions of Assumption 3.1 below, the
sequence {xk} generated by Algorithm 2.1 converges to a stationary point of (1.1).

Assumption 3.1 There exist positive scalarsρ1 andρ2 such that the following inequal-
ities hold for all k = 1, 2, . . .,

ρ1‖z‖2 ≤ zT Bk
Fk Fk z ≤ ρ2‖z‖2, ∀z ∈ R|Fk |.

The following lemma shows that Step 4 of Algorithm 2.1 is well-defined.

Lemma 3.1 Let xk ∈ � and dk be defined by (2.16). Then we have ∇ f (xk)T dk ≤
−γ ‖dk‖2 with some positive scalar γ .

Proof Since Bk
Fk Fk is symmetric and positive definite, we have from (2.12), (2.13)

that

dk
Fk = −α∗

k

(
Bk

Fk Fk

)−1 ∇ fFk (xk).

This implies

(
dk

Fk

)T
Bk

Fk Fk dk
Fk = −α∗

k ∇ fFk (xk)T dk
Fk .

We also have from Assumption 3.1 that

ρ1‖dk
Fk ‖2 ≤ −α∗

k ∇ fFk (xk)T dk
Fk ≤ ρ2‖dk

Fk ‖2.

Hence, it holds that

∇ fFk (xk)T dk
Fk ≤ −ρ1

α∗
k
‖dk

Fk ‖2. (3.1)

In what follows, we prove the lemma by showing that for each i ∈ Lk ∪ U k there
exists a positive scalar γi such that

∇ fi (xk)dk
i ≤ −γi

(
dk

i

)2
. (3.2)
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If dk
i = 0, inequality (3.2) is trivial. Suppose that dk

i �= 0. We only verify (3.2) for
i ∈ Lk . The case i ∈ U k can be proved in a similar way. For i ∈ Lk , we have
dk

i = li − xk
i < 0 since xk ∈ � and dk

i �= 0. This implies ai (xk) > 0, and hence

∇ fi (xk)dk
i ≤ − 1

ai (xk)
(dk

i )2 ≤ − 1

τi
(dk

i )2,

where τi is an upper bound of ai (x) in �. Letting γi = 1/τi , we get (3.2). Inequal-
ity (3.2) together with inequality (3.1) implies ∇ f (xk)T dk ≤ −γ ‖dk‖2 with some
constant γ > 0. �
Lemma 3.2 Let xk ∈ � and dk be defined by (2.16). Then dk = 0 if and only if xk is
a stationary point of problem (1.1).

Proof Let dk = 0. If i ∈ Lk , we have

0 = dk
i = li − xk

i ≥ −ai (xk)∇ fi (xk).

Since xk
i = li and ai (xk) > 0, the last inequality implies ∇ fi (xk) ≥ 0. The case

i ∈ U k can be proved similarly. If dk
Fk = 0, we get from (2.12) and (2.13) that

∇ fFk (xk) = 0.
On the contrary, suppose that xk is a stationary point of (1.1). It follows from (1.3)

and (2.4) that

Lk = {i : xk
i = li }, Fk = {i : li < xk

i < ui }, U k = {i : xk
i = ui }.

Therefore dk
i = 0,∀ i ∈ Lk ∪ U k by (2.6), (2.7). Since ∇ fFk (xk) = 0, we get from

(2.12), (2.13) that dFk = 0. �
Lemma 3.3 Suppose that there are subsequences {xk}K → x and {dk}K → 0 as
k → ∞. Then x is a stationary point of problem (1.1).

Proof It is easy to see that the number of distinct sets Lk , U k and Fk is finite, and that
Assumption 3.1 shows that {Bk} is bounded. Without loss of generality, we assume

Lk = L , Fk = F, U k = U,
{

Bk
Fk Fk

}
→ B F F .

Since {xk} ⊆ �, we obviously have

l ≤ x ≤ u.

Furthermore, the fact that {dk
L}K → 0 and {dk

U }K → 0 implies

x L = lL , ∇ fL(x) ≥ 0,

xU = uU , ∇ fU (x) ≤ 0.
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From (2.12) and (2.13), we have

∇ fF (xk)T dk
F = −α∗

k ∇ fF (xk)T
(

Bk
F F

)−1 ∇ fF (xk).

This implies

α∗
k |∇ fF (xk)T (Bk

F F )−1∇ fF (xk)| = |∇ fF (xk)T dk
F | ≤ ‖∇ fF (xk)‖‖dk

F‖.

This together with Assumption 3.1 yields

α∗
k

ρ2
‖∇ fF (xk)‖2 ≤ ‖∇ fF (xk)‖‖dk

F‖.

Therefore, we get

α∗
k

ρ2
‖∇ fF (xk)‖ ≤ ‖dk

F‖.

From Theorem 2.1, it is clear that the sets Lk and U k remain constant after finite
iterations and lim

k→∞ α∗
k is positive. Furthermore, we have {xk}K → x and {dk

F }K → 0.

Therefore, the last inequality yields ∇ fF (x) = 0. In other words, x is a stationary
point of problem (1.1). �

The next theorem establishes the global convergence of Algorithm 2.1. The similar
proof can be found in (Facchinei et al., 1998, Theorem 2.1).

Theorem 3.1 Suppose the sequence {xk} be generated by Algorithm 2.1. Then {xk}
has at least a limit point and every limit point of this sequence is a stationary point
for problem (1.1).

4 Numerical experiments

In this section we test the numerical behavior of the algorithm ActLBFGS on a set of
test problems from CUTE (Conn et al. 1995). ProblemsEDENSCH andPLENTY1were
from Byrd et al. (1995). The code was written in MATLAB and in double precision
arithmetic. All runs were performed on a PC (CPU P4 2.6 GHz, 256 M memory). For
all test problems, we stop the iteration if inequality

‖P�(xk − ∇ f (xk)) − xk‖ ≤ 10−5 (4.1)

is satisfied, where P�(·) denotes the projection on �.
We choose σ = 10−1 in Armijo line search. We let ai (x) = 10−6 and bi (x) = 10−6

in (2.5). In the limited memory BFGS method, we set θ = 1 and the “basic matrix”
to be the identity matrix I . The number of correction pairs used in limited memory
method is m = 5. The numerical results of the algorithm ActLBFGS are listed in
Table 1. The columns of the table has the following meaning
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Problem: name of the problem;
Dim: dimension of the problem;
NI: number of iterations;
NF: number of function evaluations;
TIME: CPU time in seconds;
PGNORM: norm of the final projected gradient;
f (x): final function value.

We then tested this method against the projected BFGS method (see Kelley 1999)
on the same problems. The MATLAB code of the projected BFGS method was con-
tributed by C.T. Kelley, which is available at http://www4.ncsu.edu/~ctk/.

Table 2 lists the results performed by the projected BFGS method.
We see from Tables 1 and 2 that both methods terminated at the stationary points

of the problems. In most cases, ActLBFGS performed better than the projected BFGS
method did.

Table 1 Test results for ActLBFGS method

NO. Problem Dim NI NF TIME PGNORM f (x)

1 BDEXP 10000 22 23 0.812 6.38563e-06 5.04831e-05

BDEXP 20000 22 23 1.609 8.93650e-06 9.99059e-05

2 BIGGSB1 5000 130 221 9.656 9.69101e-06 1.50000e-02

BIGGSB1 10000 130 221 22.453 9.69101e-06 1.50000e-02

3 CVBQP1 10000 337 543 21.203 0.00000e+00 2.25023e+06

4 EDENSCH 2000 38 110 0.453 9.92714e-06 1.20037e+04

5 EDENSCH 2000 17 37 0.219 5.33571e-06 1.44263e+04

6 EXPLIN 120 180 379 1.031 6.56597e-06 –7.23756e+05

7 EXPLIN2 120 141 190 0.859 1.61234e-06 –7.24459e+05

8 HATFLDA 4 82 144 0.375 5.38632e-06 2.02021e-10

9 HATFADC 10000 68 169 14.921 6.24670e-06 6.35840e-01

HATFADC 20000 67 165 81.203 9.96584e-06 6.35840e-01

10 HS110 10 5 8 0.015 9.89499e-08 –4.57785e+01

11 MCCORMCK 1000 33 62 0.454 6.47086e-06 –9.13689e+02

MCCORMCK 2000 39 116 1.344 7.28525e-06 –1.82691e+03

12 NONSCOMP 5000 52 95 3.953 6.33194e-06 1.60006e-12

NONSCOMP 10000 50 100 12.125 9.88450e-06 5.37980e-13

13 PENALTY1 1000 96 191 1.203 2.89807e-06 9.68618e-03

14 PENALTY1 1000 48 93 0.688 2.55757e-06 9.68618e-03

15 PENALTY1 1000 23 88 0.297 1.57861e-11 9.49577e+00

16 PENALTY1 1000 20 80 0.266 1.28198e-13 2.25715e+01

17 PROBPENL 5000 2 5 0.172 3.91172e-07 3.99920e-08

PROBPENL 10000 2 5 0.468 8.87838e-07 1.99980e-08

PROBPENL 20000 2 5 1.266 9.63269e-06 9.99950e-09
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Table 2 Test results for PROJBFGS method

No. Problem Dim NI NF TIME PGNORM f (x)

1 BDEXP 10000 23 45 0.796 6.38563e-06 5.04831e-05

BDEXP 20000 23 45 1.781 8.93650e-06 9.99059e-05

2 BIGGSB1 5000 338 903 20.360 8.91578e-06 1.50000e-02

BIGGSB1 10000 338 903 57.610 8.91578e-06 1.50000e-02

3 CVBQP1 10000 2 3 0.062 0.00000e+00 2.25023e+06

4 EDENSCH 2000 88 299 0.625 8.95213e-06 1.20037e+04

5 EDENSCH 2000 30 86 0.219 6.19998e-06 1.44263e+04

6 EXPLIN 120 77 272 0.093 5.13457e-06 –7.23756e+05

7 EXPLIN2 120 43 151 0.062 2.75633e-07 –7.24459e+05

8 HATFLDA 4 72 190 0.063 7.17494e-06 3.75397e-10

9 HATFLDC 10000 61 180 12.171 7.78806e-06 2.10466e-12

HATFLDC 20000 59 174 70.094 8.10265e-06 2.02040e-12

10 HS110 10 9 21 0.016 1.82093e-08 –4.57785e+01

11 MCCORMCK 1000 72 208 0.484 8.64782e-06 –9.13689e+02

MCCORMCK 2000 78 240 1.546 8.95769e-06 –1.82691e+03

12 NONSCOMP 5000 108 412 7.282 6.72261e-06 3.85076e+00

NONSCOMP 10000 121 456 29.547 8.81553e-06 3.64796e+00

13 PENALTY1 1000 94 250 0.532 3.79629e-06 9.68618e-03

14 PENALTY1 1000 159 388 0.953 1.02498e-06 9.68618e-03

15 PENALTY1 1000 25 92 0.219 1.10530e-06 9.49577e+00

16 PENALTY1 1000 39 141 0.266 3.05997e-09 2.25715e+01

17 PROBPENL 5000 2 9 0.093 1.71199e-06 3.99920e-08

PROBPENL 10000 78 687 19.187 1.52656e-08 1.99980e-08

PROBPENL 20000 37 318 23.312 7.19582e-09 9.99950e-09
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