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1. Introduction

The Concentration-Compactness principle was established in [5] by P. L. Lions in 1985.

Then, it was applied to prove the existence of a nontrivial solution of the following p-Laplace

problem with critical-growth in [7] by Zhu:
{ −div(|∇u|p−2∇u)= |u|p∗−2u + f(x, u), x ∈ Ω,

u= 0, x ∈ ∂Ω,
(1.1)

where Ω is a smooth bounded domain in IRN , and p∗ = Np/(N − p) (N > p > 1) is critical

exponent, f(x, u) is subcritical.

It is clear that the nontrivial solution in D1, p(Ω) (completion of C∞
0 (Ω) in the norm

∫
Ω |∇u|pdx) of the problem (1.1) is a nonzero critical point of the variational functional:

I(u) =
1
p

∫

Ω
|∇u|p dx− 1

p∗

∫

Ω
|u|p∗ dx−

∫

Ω
F (x, u) dx, here F (x, u) =

∫ u

0
f(x, t)dt.

If there were no critical term |u|p∗−2u in the problem (1.1), it should be easy to deduce

that I(u) satisfies the P.-S. condition and achieve the existence of a nontrivial solution of the

problem under some proper assumptions. But because of the critical term |u|p∗−2u appearing in

the equation, the P.-S. condition maybe doesn’t hold. Luckily, the Concentration-Compactness

principle gives some useful information to help us to obtain the the existence of a nontrivial

solution of the problem (1.1) under some certain hypotheses.

Recently, some critical problems with weight space have been popularly studied. For exam-

ple, the p-Laplace problem involving critical Sobolev-Hardy exponents was studied in [4]:
{ −div(|∇u|p−2∇u)= µ|x|−s|u|q−2u + λ|u|r−2u, inΩ,

u= 0, on ∂Ω,
(1.2)

where λ and µ are positive and N > p,

0 ≤ s ≤ p ≤ r ≤ p∗, p ≤ q ≤ p∗(s) = p(N − s)/(N − p).
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Ω is a smooth bounded domain in IRN containing 0. The Sobolev-Hardy inequality states

that D1, p(Ω) imbeds in Lq(Ω, |x|−sdx) (completion of C∞
0 (Ω) in the norm

∫
Ω |u|q|x|−sdx) and

the imbedding is compact if 1 ≤ q < p∗(s). But in the case of q = p∗(s), the imbedding is

non-compact.

Furthermore, some p-Laplace-Like equations have been studied recently, such as the following

problem, which was considered in [3]:
{ −div(a(|∇u|p)|∇u|p−2∇u)= λf(x, u), x ∈ Ω,

u= 0, x ∈ ∂Ω,
(1.3)

where λ is positive and p, N, Ω are the same as those in the problem (1.1), The functions a(t)

and f(x, u) fulfil some hypotheses (see [3] ).

In order to consider the p-Laplace-Like equations with critical exponents in weight Sobolev

spaces, the Concentration-Compactness principle need to be generalized into abstract measure

spaces. In Section 2, we present our main result and its proof. In Sections 3, some examples of

its application will be given.

2. The Main Results

Before stating the main results, we collect some preliminary results, which will be used later.

The proofs of these lemmas can be found in [1]:

Lemma 2.1: Suppose in measure space (Ω,Σ, µ), fn → f a.e. and {fn}∞n=1 is bounded in

Lp(IRN , µ) for some 0 < p < ∞, then we have:

lim
n→∞{‖ fn ‖p

Lp(IRN , Σ, µ)
− ‖ fn − f ‖p

Lp(IRN , Σ, µ)
} =‖ f ‖p

Lp(IRN ,Σ,µ)
.

Lemma 2.2: Assume the map B : IRN × IRM → IR, B : x× y 7→ B(x, y) is convex in y, and

continuous in x. Then for any x ∈ IRN , y1, y2 ∈ IRM , we deduce:

|B(x, y1 + y2)−B(x, y1)| ≤ ε[B(x,Ky1)−KB(x, y1)] + |B(x,Cεy2)|+ |B(x,−Cεy2)|,

where

0 < ε < 1/K < 1 < K, 1/Cε = ε(K − 1).

We impose some assumption on A(x, z), which is the primitive of a(x, z) vanishing at 0 in

the problem (1.3), as follows:

(U) A : IRN × IR → IR, A : x × z 7→ A(x, z), A(x, 0) = 0, and B(x, y) = A(x, |y|p) is convex

in y ∈ IRM , where p is some number no less than 1. Moreover, there exist three positive

numbers a1, a2, m and a nonegative number a3 such that a2 ≥ a1, 1/p ≤ m ≤ 1, and

a1|y|p ≤ A(x, |y|p) ≤ a2|y|p + a3|y|pm, for every x ∈ IRN , y ∈ IRM . (2.1)
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Furthermore, we suppose spaces Dk, p(U, dµ∗) (completion of C∞
0 (U) in the norm

∑
|j|=k

∫
U |∇ju|pdµ∗) and Lq(U, dν∗) (completion of C∞

0 (U) in the norm
∫
U |u|qdν∗) satisfy assump-

tion (V ), here k ∈ IN, 1 ≤ p < q, and measures µ∗ and ν∗ are bounded, positive and absolutely

continuous with respect to Lebesgue measure.

(V) For any smooth domain U in IRN , Dk, p(U, dµ∗) imbeds in Lq(U, dν∗). Moreover, if U is

bounded, Dk, p(U, dµ∗) compactly imbeds in Dj, p(U, dµ∗) for each j = 0, 1, ..., k − 1.

Remark 2.1: Some examples satisfying (U), (V) will be indicated in details in Section 3.

Under assumptions (U) and (V ), we can introduce extended Sobolev best constant.

Lemma 2.3: Suppose assumptions (U) and (V ) hold, then there exists a positive constant S∗

such that:

S∗ = inf
u∈Dk, p(IRN , dµ∗)\{0}

‖ A(x, |∇ku|p) ‖L1(IRN , dµ∗)

‖ u ‖p

Lq(IRN , dν∗)
. (2.2)

Proof: It is clear that S∗ is well defined. Next, we prove S∗ > 0. In fact, letting U = IRN in

assumption (V ), we see that Dk, p(IRN , dµ∗) imbeds in Lq(IRN , dν∗). So, there exists a positive

number S∗ such that for every u ∈ Dk, p(IRN , dµ∗) , there holds:

‖ u ‖p

Lq(IRN , dν∗) ≤ S∗ ‖ u ‖p

Dk, p(IRN , dµ∗)

≤ S∗
a1

∫

IRN
A(x, |∇ku|p)dµ∗ ≤ S∗

a1
‖ A(x, |∇ku|p) ‖L1(IRN , dµ∗) .

which implies that S∗ is positive. 2

Now we give our main result as follows:

Theorem 2.1: Suppose assumptions (U) and (V) hold, and {un}∞n=1 satisfies :

un ⇀ u weakly in Dk, p(IRN , dµ∗),

and

µn = A(x, |∇kun|p)dµ∗ w−→ µ; νn = |un|qdν∗ w−→ ν weakly in the sense of measures.

Then we have:

1. There exists some at most countable set J, a family {xj ; j ∈ J} of distinct points in IRN , and

a family {νj ; j ∈ J} of positive numbers such that:

ν = |u|qdν∗ +
∑

j∈J

νjδxj ;

2. In addition, there exists another family {µj ; j ∈ J}of positive numbers such that:

µ ≥ A(x, |∇ku|p)dµ∗ +
∑

j∈J

µjδxj and S∗(νj)p/q ≤ µj (∀j ∈ J) .
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Proof: In the first, we prove that the conclusions are true if the supports of {un}∞n=1 are

uniformly bounded, which means that there exists a smooth bounded domain Ω such that

un(x) = 0 for every n ∈ IN, x ∈ IRN \ Ω. Denote

υn = un − u, µ∗∗n = A(x, |∇kυn|p)dµ∗, ν∗∗n = (|un|q − |u|q)dν∗.

Since un weakly converges to u in Dk, p(IRN , dµ∗) , {un}∞n=1 is bounded in Dk, p(IRN , dµ∗).

In view of the imbedding in assumption (V), we see that {un}∞n=1 is bounded in Lq(IRN , dν∗),

too. Hence, assumption (U) implies that {µ∗∗n }∞n=1 and {ν∗∗n }∞n=1 are bounded Borel measure

families. According to Helly theorem, it follows that there exist two subsequences, still denoted

by themselves, such that:

µ∗∗n
w−→ µ∗∗, ν∗∗n

w−→ ν∗∗ weakly in the sense of measures.

In the following, we divide the proof into 5 steps.

In the first step, we show that next inequality holds for every ϕ ∈ C∞
0 (IRN ), 0 ≤ ϕ ≤ 1,

S∗
(∫

IRN
ϕqdν∗∗

)p/q

≤
∫

IRN
ϕdµ∗∗. (2.3)

In fact, since the imbeddings from Dk, p(Ω, dµ∗) to Dj,p(Ω, dµ∗) (j = 1, 2, · · · , k − 1) are

compact and un weakly converges to u in Dk, p(IRN , dµ∗), there exists a subsequence, still

denoted by itself, such that un → u µ∗−a.e. in IRN .

Furthermore, the imbedding from Dk, p(IRN , dµ∗) into Lq(IRN , dν∗) implies that ν∗ is abso-

lutely continuous with respect to µ∗. Hence, un → u, ν∗− a.e in IRN too. Recalling Lemma

2.1, we computer:
∫

IRN
ϕ qdν∗∗ = lim

n→∞

∫

IRN
ϕ qdν∗∗n (by ν∗∗n

w−→ ν∗∗)

= lim
n→∞

∫

IRN
(|ϕun| q − |ϕu| q) dν∗ = lim

n→∞

∫

IRN
|ϕυn| qdν∗. (2.4)

According to the definition of S∗, we derive:

S∗
(∫

IRN
|ϕυn| qdν∗

) p
q ≤

∫

IRN
A(x, |∇k(ϕυn)| p)dµ∗

=
∫

IRN
A(x, |ϕ∇kυn +

k∑

j=1

Cj
k∇jϕ · ∇k−jυn| p)dµ∗. (2.5)

Since the convexity of B(x, y) = A(x, |y|p) with respect to y, Lemma 2.2 and (2.1) imply

that for each ε > 0, K > 1, there holds
∣∣∣∣∣∣
A(x, |ϕ∇kυn +

k∑

j=1

Cj
k∇jϕ · ∇k−jυn|p)−A(x, |ϕ∇kυn|p)

∣∣∣∣∣∣

≤ εA(x, |Kϕ∇kυn|p)−KεA(x, |ϕ∇kυn|p) + 2A
(
x,

∣∣∣ Cε

k∑

j=1

Cj
k∇jϕ · ∇k−jυn

∣∣∣
p)

≤ εC|∇kυn|p + εC|∇kυn|mp + Cε

k∑

j=1

(
|∇jϕ · ∇k−jυn|p + |∇jϕ · ∇k−jυn|mp

)
. (2.6)
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Remembering that B(x, y) is convex in y, A(x, 0) = 0, and 0 ≤ ϕ ≤ 1, we see:

A(x, |ϕ∇kυn| p) ≤ ϕA(x, |∇kυn| p) + (1− ϕ)A(x, |0 |p) = ϕA(x, |∇kυn| p), (2.7)

Combing the inequality with (2.4), (2.5), (2.6) and (2.7), we obtain:

S∗
(∫

IRN
ϕ qdν∗∗

)p/q

≤ lim
n→∞

∫

IRN

[
ϕA(x, |∇kυn|p) + εC|∇kυn|p + εC|∇kυn|mp

]
dµ∗

+ lim
n→∞

∫

IRN
Cε




k∑

j=1

|∇jϕ · ∇k−jυn|p +
k∑

j=1

|∇jϕ · ∇k−jυn|mp


 dµ∗. (2.8)

Thus, the compact imbeddings in assumption (V) imply that υn → 0 in Dj,p(Ω, dµ∗) and

Dj, mp(Ω, dµ∗). Then the second term on the right hand of (2.8) converges to 0 as n →∞.

Since {υn}∞n=1 is bounded in Dk, p(IRN , µ∗) and Dj, mp(Ω, dµ∗), respectively, (2.3) follows at

once if we first take n →∞, then take ε → 0+.

In the second step, we show that (2.3) holds even if ϕ in it is replaced by IA, where IA is

the characteristic function of A and A is a measurable set in IRN .

In fact, according to Lusin theorem, we can choose a function sequence {ϕm}, which con-

verges to IA µ∗∗− a.e. and ν∗∗− a.e. in IRN , and satisfies that ϕm ∈ C∞
0 (IRN ), 0 ≤ ϕm ≤ 1.

Thus, we deduce:

S∗
(∫

RN
IA qdν∗∗

)p/q

≤
∫

IRN
IAdµ∗∗,

which means the following inequality for every measurable set A in IRN ,

S∗ (ν∗∗(A))p/q ≤ µ∗∗(A). (2.9)

In the third step, we demonstrate:

µ ≥
∑

j∈J

S∗νp/q
j δxj , (2.10)

where J is a set, {xj , j ∈ J} is the family consisting of all atoms of ν∗∗, and νj > 0 is the mass

of the atom xj . Recalling that ν∗∗ is bounded, we conclude that J is at most countable.

Let ν∗∗0 = ν∗∗ − ∑
j∈J

νjδxj , and it is clear that ν∗∗0 ≥ 0 and ν∗∗0 is free of atom. Setting

A = {xj} in (2.9), we conclude:

µ∗∗({xj}) ≥ S∗(ν∗∗({xj}))p/q ≥ S∗νp/q
j .

Since the above inequality holds for every j ∈ J , we infer:

µ∗∗ ≥
∑

j∈J

S∗νp/q
j δxj . (2.11)
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Repeating the same procedure as (2.8), we claim that for every ϕ ∈ C∞
0 (IRN ), 0 ≤ ϕ ≤ 1,

there holds:
∫

IRN
ϕdµn −

∫

IRN
ϕdµ∗∗n ≥ −

∫

IRN
ϕ

∣∣∣A(x, |∇kun|p)−A(x, |∇kυn|p)
∣∣∣ dµ∗

≥ −εC

∫

IRN
ϕ|∇kυn|pdµ∗ − εC

∫

IRN
ϕ|∇kυn|mpdµ∗

− Cε

∫

IRN
ϕ|∇ku|pdµ∗ − Cε

∫

IRN
ϕ|∇ku|mpdµ∗.

Letting n →∞, we obtain:
∫

IRN
ϕdµ−

∫

IRN
ϕdµ∗∗ ≥ −εC − Cε

∫

IRN
ϕ|∇ku|pdµ∗ − Cε

∫

IRN
ϕ|∇ku|mpdµ∗.

By analogy with the approach taken in (2.9), the above inequality is still true even if ϕ =

I{xj}. Since µ∗ is absolutely continuous with respect to Lebesgue measure, (2.10) follows from

(2.11) if we take ε → 0+.

In the forth step, we prove the second conclusion in the theorem.

Indeed, the convexity of B(x, y) in y implies the energy functional
∫
IRN ϕpA(x, |∇ku|p)dµ∗ is

weakly-lower semi-continuous , then for each ϕ ∈ C∞
0 (IRN ), we obtain:

∫

IRN
ϕpdµ = lim

n→∞

∫

IRN
ϕpA(x, |∇kun|p)dµ∗ ≥

∫

IRN
ϕpA(x, |∇ku|p)dµ∗.

As the above derivation, for any measurable set A in IRN , we have:
∫

A
dµ ≥

∫

A
A(x, |∇ku|p)dµ∗, (2.12)

Recalling that µ∗ is free of atom, we declare that
∑
j∈J

ν
p/q
j δxj and A(x, |∇ku|p)dµ∗ are mutually

singular. Combining the conclusion with (2.10) and (2.12), we obtain:

µ ≥
∑

j∈J

S∗νp/q
j δxj + A(x, |∇ku|p)dµ∗. (2.13)

Let µj = µ({xj}), and the second conclusion follows.

In the fifth step, we establish the first conclusion.

According to (2.9), we see that ν∗∗ is absolutely continuous with respect to µ∗∗. Then, the

definition of ν∗∗0 implies it is absolutely continuous with respect to µ∗∗, too. In view of Radon-

Nikodym theorem, we deduced that there exists a fuction f ∈ L1(IRN , µ∗∗)∩L∞(IRN , µ∗∗) such

that:

f(x) = lim
ρ→0+

∫
Bρ(x)dν∗∗0∫
Bρ(x)dµ∗∗

and ν∗∗0 = fµ∗∗ µ∗∗ − a.e. in IRN , (2.14)

where Bρ(x) = { y ∈ IRN : | y − x| ≤ ρ }. Combining it with (2.9) and(2.14), we derive:

S∗(f(x))p/q ≤ lim
ρ→0

(∫

Bρ(x)
dµ∗∗

)(q−p)/q

µ∗∗ − a.e. in IRN . (2.15)
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In the case that x is not an atom in µ∗∗, we deduce f(x) = 0 from (2.15). In the other

case that x is an atom in µ∗∗, it is still true because ν∗∗0 is free of atom. Hence, f(x) =

0, µ∗∗ − a.e. in IRN in all cases. Furthermore, since ν∗∗0 is absolutely continuous with respect

to µ∗∗, we claim that ν∗∗0 = 0 in IRN . Thus, The first conclusion is the consequence of the

definitions of ν∗∗ and ν∗∗0 .

Finally, we manifest that the conclusions remain valid even if the supports of {un}∞n=1 are

unbounded. Define:

ζ(r) =

{
1, −1/2 ≤ r ≤ 1/2

0, r ≤ −1 or r ≥ 1
ζ(r) ∈ C∞

0 (IR1), 0 ≤ ζ ≤ 1, 0 ≤ |ζ(j)| ≤ Cj , (2.16)

and denote ξm(x) = ζ(|x|/m), m ∈ IN . Then, for each fixed m > 2, the supports of {ξmun}∞n=1

are uniformly bounded in D k, p(IRN , dµ∗) with respect to n and as n →∞,

ξmun ⇀ ξmu weakly in D k, p(IRN , dµ∗).

Moreover, since µm
n = A(x, |∇k(ξmun)|p)dµ∗, νm

n = |ξmun|qdν∗ is uniformly bounded with

respect to n, then there exists a subsequence, still denoted by itself, such that:

µm
n

w−→ µm, νm
n

w−→ νm.

Hence, µm
n , νm

n satisfy the assumptions of the theorem and their supports are uniformly bounded

with respect to n. According to the above proof, we can achieve Conclusion 1 and 2 if µ, ν are

replaced by µm, νm, respectively. Furthermore, the definition of ξm and the properties of the

weakly convergence in the sense of measures imply that µ = µm, ν = νm in Bm
2
−1(0). Thus,

µ, ν satisfy the conclusions in Bm
2
−1(0). Taking m →∞, we obtain the conclusions in IRN . 2

3. Some Examples

In the section, we give three examples to simply exhibit some applications to Theorem 2.1.

The detail is left in other papers.

Example 2.1. Suppose both µ∗ and ν∗ are Lebesgue measures, then assumption (V) holds

if 1 < p < N/k and q = Np
N−kp according to the Sobolev imbedding theorem. A(x, z) satisfies

assumption (U) if A(x, z) = z. In the case, Theorem 2.1 is the Concentration-Compactness

principle of P. L. Lions’.

Example 2.2. Suppose measures µ∗ and ν∗ are Lebesgue measures, and

A(x, z) = (1 + |z|2/p)p/2 − 1.

It is not difficult to deduce that A(x, z) satisfies assumption (U) if p ≥ 2. Then, we can utilize

Theorem 2.1 to consider the next p-curve problems with critical growth:



−div((1 + |∇u|2) p−2

2 ∇u)= f(x, u), x ∈ Ω,

u= 0, x ∈ ∂Ω.
(3.1)
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The equation comes from hydrodynamics, ect. Moreover, we can consider some more general

p-Laplace-Like equation with critical growth by Theorem 2.1, which will be discussed in our other

paper.

Example 2.3. Suppose µ∗ = |x|−βdx and ν∗ = |x|−αdx. From the Caffarelli-Kohn-Nirenberg

inequality in [2] , we achieve assumption (V) if

β < N − p,
Nβ

N − p
≤ α ≤ p + β, k = 1, q =

N − α

N − β − p
p.

An obvious fact is that Theorem 2.1 implies Theorem 4.1 in [6]. Hence, our result can be

applied to study some quasilinear elliptic problem of the type critical problem as follows:
{ −div(a(x, |∇u|p)|∇u|p−2∇u|x|−β)= f(x, u), x ∈ Ω,

u= 0, x ∈ ∂Ω.
(3.2)
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