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Abstract

In defined contribution pension schemes, the financial risk borne by the mem-
ber occurs during the accumulation phase. To build up sufficient funds for
retirement, scheme members invest their wealth in a portfolio of assets. This
paper considers an optimal investment problem of a scheme member facing
stochastic inflation under the Markowitz mean-variance criteria. Besides, we
consider a more general market with multiple assets that can all be risky.
By applying the Lagrange method and the stochastic dynamic programming
techniques, we derive the associated Hamilton-Jacobi-Bellman (HJB) equa-
tion which can be converted into six correlated but relatively simple partial
differential equations (PDEs). The explicit solutions for these six PDEs are
derived by using the homogenization approach and the variable transforma-
tion technique. Then the closed form expressions for the optimal strategy
and the efficient frontier can be obtained through the Lagrange dual theory.
In addition, we illustrate the results by some numerical examples.
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1. Introduction

Pension funds may be classified as defined benefit (DB) or defined con-
tribution (DC) according to how the benefits are determined (see Xiao et
al. (2007)). A DB pension fund is a pension scheme where the benefits are
fixed in advance by the sponsor, and contributions are set and subsequently
adjusted so as to ensure that the fund remains in balance, hence the risk is
borne by the sponsor. A DC pension fund is a pension scheme where only
contributions are fixed and therefore the benefits depend solely on the returns
of the fund’s portfolio, hence the financial risk is borne by the contributors
(see Boulier et al., 2001).

For most of the 20th century, employer-sponsored DB pension funds were
the one preferred by many workers since the risk is borne by the sponsors.
However, along with the high inflation and the ageing of population, the total
value of the DB pension funds have been decreasing unceasingly, and facing
great pressure to pay enough annuity to the retirees. In recent years, most
of the pension funds have been based on DC, such as Individual Retirement
Accounts in the USA and Appropriate Personal Pension in the UK.

Nowadays, DC pension funds play a more and more important role in
the social security system all over the world. DC pension fund management
has also become a popular topic over the last decade in the literatures of
actuarial and financial studies. Here we list some in the following.

By minimizing the risk that is a quadratic target-based (mean-squared
error) cost function, Vigna and Haberman (2001) and Haberman and Vigna
(2002) investigate a discrete-time DC pension fund management problem
during the accumulation phase. The optimal investment strategies are ob-
tained by using the dynamic programming method. Gerrard et al. (2004)
extend the work of Vigna and Haberman (2001) to a continuous-time set-
ting and the case of post-retirement. By maximizing the expected utility of
the fund wealth in excess of the minimum guarantee at the retirement date,
Boulier et al. (2001) and Deelstra et al. (2003) consider an optimal asset
allocation problem with stochastic interest rates and a minimum guarantee
protection. Deelstra et al. (2004) further study the optimal design of the
minimum guarantee by using martingale method. Xiao et al. (2007), Gao
(2009, 2010) investigate the optimal portfolios under a constant elasticity
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of variance (CEV) model by applying the Legendre transform and the dual
theory. Korn et al. (2011) consider a portfolio selection problem in a hidden
Markov regime switching market. Using the method of stochastic control and
optimal stopping, Gerrard et al. (2012) formulate and solve the problem of
optimal annualization time for retirees in the de-cumulation phase. For more
detailed discussion on DC pension funds management, we refer to Cairns et
al. (2006), Giacinto et al. (2011), Giacinto and Vigna (2012), Emms (2012),
and Blake et al. (2013).

In pension fund management, one should consider a broad categories of
risks such as investment or market risk, counter-party default risk, solvency
risk and liquidity risk, etc. For long-term pension fund managers, since the
accumulated inflation can lead to huge shrinkage in the wealth of the fund,
inflation risk is an important factor that can affect the overall performance of
the fund. General portfolio selection problems incorporating the inflation risk
for individual investors have been considered in some papers, see, Brennan
and Xia (2002) and Munk et al. (2004). Recently, the optimal investment
problem in the DC pension fund management becomes popular in literatures.
To maximize the exponential utility of the fund wealth in a continuous-time
setting, Battocchio and Menoncin (2004) and Ma et al. (2011) study an
optimal asset allocation problem with inflation. Zhang and Ewald (2010)
and Han and Hung (2012) solve an expected power utility maximization
problem with inflation by using the martingale approach and the method of
stochastic control, respectively.

However, all the above mentioned literatures on DC pension fund manage-
ment with inflation are based on the expected utility maximization. Along
another line, Markowitz (1952) sets up the famous mean-variance (M-V)
model which laid the foundation for the modern portfolio selection theory.
Since in practice the investment decision is a long-term dynamic process, Li
and Ng (2000) and Li and Zhou (2000) extend the Markowitz M-V model
to a multi-period case and a continuous-time case, respectively. In recent
years, the M-V criterion has been studied by many scholars in various areas:
optimal investment and/or reinsurance (see Delong and Gerrard (2007), Bai
and Zhang(2008) and Li et al. (2012)); asset-liability management (see Chiu
et al. (2006), Chen et al. (2008), Leippold et al. (2011) and Yao et al.
(2013a, 2013b)).

As far as we know, only very few literatures apply the M-V criteria to
study the investment problem in the management of pension funds. In
a continuous-time setting, Delong et al. (2008) and Josa-Fombellida and
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Rincón-Zapatero (2008) study the optimal investment and contribution strate-
gies for DB pension funds; Vigna (2012) investigates the optimal investment
strategy for DC pension funds. However, they do not incorporate the risk of
inflation. In this paper, we are going to study an optimal investment problem
with stochastic inflation in DC pension fund management under the M-V cri-
teria. Besides, since the DC pension fund investment problem usually takes
a long time horizon, say, 20 to 40 years, a risk-free asset hardly exists in the
financial market. Hence in our portfolio selection panel, we consider a more
general model in which all assets could be risky.

In this paper, we consider an optimal investment problem for DC pen-
sion funds under the M-V criterion in a market with stochastic inflation.
The remainder of this paper is organized as follows. Section 2 provides the
formulation of the problem. In Section 3, the associated nonlinear Hamilton-
Jacobi-Bellman (HJB) equation is obtained and converted into six relatively
simple partial differential equations (PDEs). Section 4 gives the integral-form
analytical solutions for these six PDEs. The numerical calculation method
for the corresponding integrals is also discussed in this section. The closed
form expressions for the efficient strategy and the M-V efficient frontier are
obtained in Section 5. Section 6 gives some numerical results and we conclude
in Section 7.

2. Model formulation

We consider a financial market consisting of n+1 risky assets with prices
at time t denoted by P0(t), P1(t), · · · , Pn(t). Let A′ be the transpose of
a matrix or vector A. Throughout the paper, let (Ω,F ,P) be a filtered
probability space on which we define a m-dimension standard Brownian
motion w(t) = (w1(t), w2(t), · · · , wm(t))′, hence F = {Ft; t > 0} where
Ft = σ{w(s); 0 6 s 6 t} is generated by the Brownian motion and P rep-
resents the probability measure. The filtration Ft can be interpreted as the
information set available up to time t. Assume that all the prices of these
risky assets are modeled by geometric Brownian motions, i.e.,





dPi(t) = Pi(t)

(
bi(t)dt +

m∑
j=1

σij(t)dwj(t)

)
,

Pi(0) = p0
i , i = 0, 1, 2, · · ·n,

(1)

where bi(t) and σi(t) = (σi1(t), σi2(t), · · · , σim(t)) are the appreciation rate
and the volatility rate for the ith risky asset, respectively.
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Remark 1. Here we include the case with a risk-free asset. In fact, let
b0(t) = rf (t) and σ0j(t) = 0 for j = 1, 2, · · · ,m where rf (t) denotes the
instantaneous risk-free interest rate. Then the 0th asset can be taken as a
risk-free asset.

As adopted by many literatures (see Brennan and Xia (2002) and Munk
et al. (2004)), we suppose that the price index Π(t) satisfies the following
system of stochastic differential equations,

{
dΠ(t) = Π(t) {I(t)dt + σΠ(t)dw(t)} ,
Π(0) = Π0,

(2)

where σΠ(t) = (σΠ1(t), σΠ2(t), · · · , σΠm(t)) is the volatility of the price index,
and I(t) is the instantaneous expected inflation rate following the Ornstein-
Uhlenbeck process

{
dI(t) = ψ(t)(Ī(t)− I(t))dt + σI(t)dw(t),
I(0) = I0,

(3)

where Ī(t) is the long-run mean of the inflation rate, ψ(t) is the degree of
mean reversion and σI(t) = (σI1(t), σI2(t), · · · , σIm(t)) is the volatility of the
inflation rate.

It should be noted that the asset prices, the price index and the expected
inflation rate could be correlated with each other since they are all affected
by the common stochastic factor w(t).

In this paper, we investigate a portfolio selection problem in the accumu-
lation phase of a DC pension fund. Consider a pension fund member who
enters the plan at time 0 with an initial fund x0 (x0 > 0) in his/her account.
He/she contributes the account continuously in a predefined way until his/her
retirement at time T . Upon his/her retirement, he/she can withdraw all the
money or convert it into annuity. Let C(t) denote the accumulated value of
the contribution at time t. For simplicity and without loss of generality, the
dynamics of C(t) can be modelled as follows,

dC(t) = Π(t)c(t)dt, (4)

where c(t) is a deterministic function of time t. For example, we can let
c(t) = c(0)eφt where φ is a positive constant.
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Remark 2. The dynamics of C(t) in (4) is a practically reasonable assump-
tion. Note that dC(t) denotes the instantaneous contribution of the pension
that excludes the impact of price index and inflation. Equation (4) indicates
that the instantaneous contribution changes according to the price index
Π(t). In other words, the real instantaneous contribution rate is predefined
as c(t). This is obviously consistent with our common sense in practice.

Remark 3. To make our model be more general, c(t) in (4) is not restricted
to be positive. For example, in the case of c(t) = 0, we have the pension
contribution is 0, then our model turns out to be an ordinary continuous-
time M-V model; while in the case of c(t) < 0, c(t) can be interpreted as the
consumption rate of the investor or the distribution rate of the pension fund.

In the accumulation phase of the pension fund, suppose that the fund
can be invested in the n + 1 risky assets. For simplicity, in this paper we fix
the retirement time T . Denote the proportion of wealth of the pension fund
invested in the ith risky asset at time t ∈ [0, T ] by πi(t) for i = 1, 2, · · ·n.

Then the proportion invested in the 0th risky asset is

(
1−

n∑
i=1

πi(t)

)
. Let

x(t) be the wealth process of the pension fund. Assume that the trading of
shares takes place continuously and that transaction cost is not considered.
Then by (1) and (4), the resulting wealth process x(t) after the investment
follows




dx(t) = x(t)

(
1−

n∑
i=1

πi(t)

)
dP0(t)

P0(t)
+ x(t)

n∑
i=1

πi(t)
dPi(t)

Pi(t)
+ dC(t)

= x(t) [(b0(t) + π′(t)B(t)) dt + (σ0(t) + π′(t)δ(t)) dw(t)] + Π(t)c(t)dt,

x(0) = x0,
(5)

where




B(t) = b(t)−~1b0(t), δ(t) = σ(t)−~1σ0(t),
~1 = (1, 1, · · · , 1)′ ∈ Rn, σ(t) = (σ′1(t), σ

′
2(t), · · · , σ′n(t))′ ,

b(t) = (b1(t), b2(t), · · · , bn(t))′, π(t) = (π1(t), π2(t), · · · , πn(t))′.
(6)

As discussed in Section 1 Introduction, the contribution period T for the
pension fund is usually very long, say, from 20 to 40 years. Then the effect of
inflation becomes assignable for the pension fund manager. Let x̄(t) denote
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the real wealth process including the impact of the inflation, i.e., x̄(t) = x(t)
Π(t)

.

Then, By (2) and (5), and by using Itô’s formula (see Fleming and Soner
(2006)), we have x̄(t) follows





dx̄(t) =
(
x̄(t)

(
b̄0(t)− I(t) + π′(t)B̄(t)

)
+ c(t)

)
dt

+ x̄(t) (σ̄0(t) + π′(t)δ(t)) dw(t),

x̄(0) =
x0

Π0

= x̄0,

(7)

where
b̄0(t) = b0(t)− σ0(t)σ

′
Π(t) + σΠ(t)σ′Π(t),

B̄(t) = B(t)− δ(t)σ′Π(t), σ̄0(t) = σ0(t)− σΠ(t).
(8)

Note that the dynamics of x̄(t) depends only on the real wealth process x̄(t)
and inflation rate process I(t), and is independent of the price index Π(t).
Similar to many literatures, we make the following assumptions.

Assumption 1. For any t ∈ [0, T ], there exists a scalar ε > 0 such that
σI(t)σ

′
I(t) > ε and δ(t)δ′(t) > εIn where In is the identity matrix of order n.

Assumption 2. All the functions bi(t), σi(t), c(t), Ī(t), σI(t) and σΠ(t) are
continuously differentiable and bounded over [0, T ] for i = 0, 1, · · · , n.

Let L2
F(0, T ;Rn) be the set of all Rn-valued and progressively measur-

able stochastic processes f(t) which are adapted to {Ft}06t6T such that

E
[∫ T

0
|f(t)|2dt

]
< +∞. A strategy π(·) = {π(t); t ∈ [0, T ]} is called admis-

sible if π(·) ∈ L2
F(0, T ;Rn), and the triple (x̄(·), I(·), π(·)) satisfies (3) and

(7). In this case, we refer to (x̄(·), I(·), π(·)) as an admissible triple. The
set of all admissible triples over [0, T ] is denoted by A[0, T ] .

With an initial amount of wealth x0, the pension fund manager’s objective
is to find a strategy π(t) among all the admissible strategies whose expected
wealth at the retirement time T is E[x̄(T )] = u for some given u ∈ R, so
that the risk measured by the variance of the real wealth x̄(T ) is minimized.
Specifically, we have the following formulation.

{
min

(x̄(·), I(·), π(·))∈A[0,T ]
Var[x̄(T )] =E[x̄(T )− u]2,

s.t. E[x̄(T )] =u.
(9)

Let uσmin
be the expected terminal real fund’s wealth which has the minimum

variance over all admissible strategies. Corresponding to u > uσmin
, the
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optimal solution π(·) = {π(t); t ∈ [0, T ]} of Problem (9) is called an efficient
strategy, and the corresponding pair (Var[x̄(T )], u) is called an efficient point.
The set of all efficient points is called the efficient frontier.

3. Transformation of problem

In this section, the Lagrange method is applied to handle the constraint
E[x̄(T )] = u. By introducing a multiplier λ, our problem turns out to be an
unconstrained problem

min
(x̄(·), I(·), π(·))∈A[0,T ]

Var[x̄(T )] = E
[
(x̄(T )− u)2

]
+ 2λE[(x̄(T )− u)]. (10)

Let a = λ− u, we have

E[(x̄(T )− u)2] + 2λE[(x̄(T )− u)] = E[x̄2(T ) + 2ax̄(T )]− u2 − 2au.

Note that (−u2 − 2au) is a fixed value, then Problem (10) is equivalent to

min
(x̄(·), I(·), π(·))∈A[0,T ]

E[(x̄2(T ) + 2ax̄(T ))]. (11)

Following the framework of Dynamic Programming, we consider the trun-
cated Problem (11) starting from time t with initial states x̄(t) = x̄ and
I(t) = I. That is, the dynamics of x̄(s) and I(s) for s ∈ [t, T ] can be written
as {

dI(s) =ψ(s)(Ī(s)− I(s))dt + σI(s)dW (s),

I(t) =I,
(3’)

and 



dx̄(s) =
(
x̄(s)

(
b̄0(s)− I(s) + π′(s)B̄(s)

)
+ c(s)

)
dt

+ x̄(s) (σ̄0(s) + π′(s)δ(s)) dW (s),

x̄(t) =x̄.

(7’)

Correspondingly, the value function is defined as below,

V (t, I, x̄) = min
(x̄(·), I(·), π(·))∈A[t,T ]

E[x̄2(T ) + 2λx̄(T )|x̄(t) = x̄, I(t) = I], (12)

where A[t, T ] is the set of all admissible triples over [t, T ], i.e.,

A[t, T ] =
{
(x̄(·), I(·), π(·))

∣∣π(·) ∈ L2
F(t, T ;Rn),

and (x̄(·), I(·), π(·)) satisfies (3′) and (7′)} .
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Obviously, let t = 0, then V (0, I0, x̄0) is the value function for Problem (11).
According to the principle of dynamic programming (see Fleming and Soner
(2006)), the HJB equation for V = V (t, I, x̄) is



inf
π(t)

{
∂tV +

(
x̄

(
b̄0(t)− I + π′(t)B̄(t)

)
+ c(t)

)
∂x̄V

+ψ(t)(Ī(t)− I)∂IV + x̄ (σ̄0(t)σ
′
I(t) + π′(t)δ(t)σ′I(t)) ∂x̄IV

+1
2
σI(t)σ

′
I(t)∂I IV + 1

2
x̄2 (σ̄0(t) + π′(t)δ(t)) (σ̄0(t) + π′(t)δ(t))′ ∂x̄ x̄V

}
= 0,

V (T, I, x̄) = x̄2 + 2ax̄.
(13)

where the partial derivatives are defined by{
∂tV = ∂V (t,I,x̄)

∂t
, ∂x̄V = ∂V (t,I,x̄)

∂x̄
, ∂IV = ∂V (t,I,x̄)

∂I
,

∂I IV = ∂2V (t,I,x̄)
∂I2 , ∂x̄ x̄V = ∂2V (t,I,x̄)

∂x̄2 , ∂x̄IV = ∂2V (t,I,x̄)
∂x̄∂I

.

The partial derivatives for other multivariate functions in this paper will be
defined in a similar way. Collecting all the terms of π(t) in the first equation
of (13), we have

∂tV +
(
x̄(b̄0(t)− I) + c(t)

)
∂x̄V + ψ(t)(Ī(t)− I)∂IV

+1
2
σI(t)σ

′
I(t)∂I IV + 1

2
x̄2σ̄0(t)σ̄

′
0(t)∂x̄ x̄V

+x̄σ̄0(t)σ
′
I(t)∂x̄IV + inf

π(t)

{
1
2
π′(t)δ(t)δ′(t)π(t)x̄2∂x̄ x̄V

+π′(t)
(
x̄B̄(t)∂x̄V + x̄2δ(t)σ̄′0(t)∂x̄ x̄V + x̄δ(t)σ′I(t)∂x̄IV

)}
= 0.

(14)

Suppose ∂x̄ x̄V > 0 which will be verified in the next section, the first order
condition for π(t) in (14) gives the corresponding optimal strategy

π∗(t) = −(δ(t)δ′(t))−1
(
B̄(t)∂x̄V + x̄δ(t)σ̄′0(t)∂x̄ x̄V + δ(t)σ′I(t)∂x̄IV

)

x̄∂x̄ x̄V
. (15)

Plugging (15) into (14) and simplifying the equation, we have

∂tV + x̄ (η(t)− I) ∂x̄V + ψ(t)(Ī(t)− I)∂IV

+1
2
x̄2γ(t)∂x̄ x̄V − 1

2
ρ(t) (∂x̄V )2

∂x̄ x̄V
+ 1

2
σI(t)σ

′
I(t)∂I IV

+x̄χ(t)∂x̄IV − 1
2
ς(t) (∂x̄IV )2

∂x̄ x̄V
− ξ(t)∂x̄IV ∂x̄V

∂x̄ x̄V
+ c(t)∂x̄V = 0,

(16)

where 



ρ(t) = B̄′(t)(δ(t)δ′(t))−1B̄(t),
ξ(t) = σI(t)δ

′(t)(δ(t)δ′(t))−1B̄(t),
ς(t) = σI(t)δ

′(t)(δ(t)δ′(t))−1δ(t)σ′I(t),
η(t) = b̄0(t)− σ̄0(t)δ

′(t)(δ(t)δ′(t))−1B̄(t),
γ(t) = σ̄0(t)σ̄′0(t)− σ̄0(t)δ

′(t)(δ(t)δ′(t))−1δ(t)σ̄′0(t),
χ(t) = σ̄0(t)σ

′
I(t)− σI(t)δ

′(t)(δ(t)δ′(t))−1δ(t)σ̄′0(t).

(17)
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Equation (16) is a complicated non-linear PDE which looks forbidden. We
are going to show that the solution could be written in the following form

V (t, I, x̄) = p(t, I)x̄2 + g(t, I)ax̄ + h(t, I)a2 + $(t, I)x̄ + ϕ(t, I)a + z(t, I)
(18)

where p = p(t, I) > 0, g = g(t, I), h = h(t, I), $ = $(t, I), ϕ = ϕ(t, I)
and z = z(t, I) are some deterministic binary functions that need to be
determined. Then by (18), we have





∂tV = x̄2∂tp + ax̄∂tg + a2∂th + x̄∂t$ + a∂tϕ + ∂tz,
∂x̄V = 2px̄ + ga + $, ∂x̄IV = 2x̄∂Ip + a∂Ig + ∂I$,
∂IV = x̄2∂Ip + ax̄∂Ig + a2∂Ih + x̄∂I$ + a∂Iϕ + ∂Iz,
∂x̄ x̄V = 2p, ∂x̄IV = 2x̄∂Ip + a∂Ig + ∂I$,
∂I IV = x̄2∂I Ip + ax̄∂I Ig + a2∂I Ih + x̄∂I I$ + a∂I Iϕ + ∂I Iz.

(19)

Plugging (18) and (19) into equation (16), and after some calculations, we
obtain[

∂tp + (κp(t)− 2I) p + (λ̄p(t)− ψ(t)I) ∂Ip + 1
2
σI(t)σ

′
I(t)∂I Ip

−ς(t) (∂Ip)2

p

]
x̄2 + [∂tg + (η(t)− ρ(t)− I) g + 1

2
σI(t)σ

′
I(t)∂I Ig

+
(
χ(t)− ξ(t) + ψ(t)(Ī(t)− I)

)
∂Ig − ς(t)∂Ip∂Ig

p
− ξ(t)g∂Ip

p

]
ax̄

+
[
∂th + ψ(t)(Ī(t)− I)∂Ih + 1

2
σI(t)σ

′
I(t)∂I Ih

−ρ(t)g2

4p
− ς(t) (∂Ig)2

4p
− ξ(t)g∂Ig

2p

]
a2

+
[
∂t$ + (η(t)− ρ(t)− I) $ +

(
χ(t)− ξ(t) + ψ(t)(Ī(t)− I)

)
∂I$

+1
2
σI(t)σ

′
I(t)∂I I$ − ς(t)∂Ip∂I$

p
− ξ(t)$∂Ip

p
+ 2pc(t)

]
x̄[

∂tϕ + ψ(t)(Ī(t)− I)∂Iϕ + 1
2
σI(t)σ

′
I(t)∂I Iϕ− ς(t)∂Ig∂I$

2p

−ξ(t)$∂Ig
2p

− ξ(t)g∂I$
2p

− ρ(t)g$
2p

+ gc(t)
]
a + ∂tz + ψ(t)(Ī(t)− I)∂Iz

+1
2
σI(t)σ

′
I(t)∂I Iz − ρ(t)$2

4p
− ξ(t)$∂I$

2p
− ς(t) (∂I$)2

4p
+ c(t)$ = 0,

(20)

where

κp(t) = 2η(t) + γ(t)− ρ(t), λ̄p(t) = ψ(t)Ī(t)− 2ξ(t) + 2χ(t). (21)

Note that equation (20) can be taken as a bivariate polynomial of x̄ and a,
and along with the boundary conditions of HJB equation (13), it follows that





∂tp + (κp(t)− 2I) p + (λ̄p(t)− ψ(t)I) ∂Ip

+1
2
σI(t)σ

′
I(t)∂I Ip− ς(t) (∂Ip)2

p
= 0,

p(T, I) = 1,

(22)
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∂tg + (η(t)− ρ(t)− I) g +
(
χ(t)− ξ(t) + ψ(t)(Ī(t)− I)

)
∂Ig

+1
2
σI(t)σ

′
I(t)∂I Ig − ς(t)∂Ip∂Ig

p
− ξ(t)g∂Ip

p
= 0,

g(T, I) = 2,

(23)





∂th + ψ(t)(Ī(t)− I)∂Ih + 1
2
σI(t)σ

′
I(t)∂I Ih

−ρ(t)g2

4p
− ς(t) (∂Ig)2

4p
− ξ(t)g∂Ig

2p
= 0,

h(T, I) = 0,

(24)





∂t$ + (η(t)− ρ(t)− I) $ +
(
χ(t)− ξ(t) + ψ(t)(Ī(t)− I)

)
∂I$

+1
2
σI(t)σ

′
I(t)∂I I$ − ς(t)∂Ip∂I$

p
− ξ(t)$∂Ip

p
+ 2pc(t) = 0,

$(T, I) = 0,

(25)





∂tϕ + ψ(t)(Ī(t)− I)∂Iϕ + 1
2
σI(t)σ

′
I(t)∂I Iϕ

−ρ(t)g$
2p
− ς(t)∂Ig∂I$

2p
− ξ(t)$∂Ig

2p
− ξ(t)g∂I$

2p
+ gc(t) = 0,

ϕ(T, I) = 0,

(26)





∂tz + ψ(t)(Ī(t)− I)∂Iz + 1
2
σI(t)σ

′
I(t)∂I Iz

−ρ(t)$2

4p
− ς(t) (∂I$)2

4p
− ξ(t)$∂I$

2p
+ c(t)$ = 0,

z(T, I) = 0,

(27)

which is a system of six simpler PDEs with respect to p = p(t, I), g = g(t, I),
h = h(t, I), $ = $(t, I), ϕ = ϕ(t, I) and z = z(t, I). We will study the
solutions in the next section.

4. Solving of the associated PDEs

In this section, we will solve the six associated PDEs from (22) to (27)
one by one. We start from the equation (22). We propose and verify later
the form of the solution is

p(t, I) = eBp(t)I+Cp(t), (28)

for two deterministic functions Bp = Bp(t) and Cp = Cp(t) which will be
determined later. Differentiating equation (28), we have

∂tp =
(
ḂpI + Ċp

)
p, ∂Ip = Bpp, ∂I Ip = B2

pp, (29)

where the first derivatives are defined as Ḃp = dBp(t)

dt
and Ċp = dCp(t)

dt
. The

first derivative for other functions in this paper will be defined in a similar
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way. Plugging (28) and (29) into (22) we have

(
Ḃp − 2−Bpψ(t)

)
I + Ċp + κ(t) + Bpλ̄p(t) +

(
1

2
σI(t)σ

′
I(t)− ς(t)

)
B2

p = 0,

(30)
which can be taken as a polynomial of I, together with the boundary con-
ditions of PDE (22), it follows that Bp(t) and Cp(t) are the solutions of
following ordinary differential equations (ODEs).

Ḃp(t)− 2−Bp(t)ψ(t) = 0, Bp(T ) = 0, (31)

and
{

Ċp(t) + κp(t) + Bp(t)λ̄p(t) +
(

1
2
σI(t)σ

′
I(t)− ς(t)

)
B2

p(t) = 0,
Cp(T ) = 0.

(32)

The equation (31) can be solved easily as

Bp(t) = −2

∫ T

t

e−
∫ s

t ψ(r)drds. (33)

Then the solution of (32) can be expressed in terms of Bp(t)

Cp(t) =

∫ T

t

(
κp(s) + Bp(s)λ̄p(s) +

(
1

2
σI(s)σ

′
I(s)− ς(s)

)
B2

p(s)

)
ds. (34)

Then we solve the equation (22). In the following, we proceed on the solution
for (23). Plugging (28) which is the expression of p(t, I) into (23) gives

∂g + (κg(t)− I) g + (λ̄g(t)− Iψ(t)) ∂Ig +
1

2
σI(t)σ

′
I(t)∂I Ig = 0, (35)

where {
κg(t) = η(t)− ρ(t)−Bp(t)ξ(t),
λ̄g(t) = ψ(t)Ī(t) + χ(t)−Bp(t)ς(t)− ξ(t).

(36)

Then we only need to solve equation (35). We propose and verify later the
form of the solution as

g(t, I) = eBg(t)I+Cg(t) > 0, (37)

which must be strictly positive. Plugging (37) into (35), we have

I
(
Ḃg − 1−Bgψ(t)

)
+ Ċg + κg(t) + Bgλ̄g(t) +

1

2
B2

gσI(t)σ
′
I(t) = 0, (38)
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which can be taken as a polynomial of I, along with the boundary conditions
of PDE (23), we have the following ODEs

Ḃg − 1−Bgψ(t) = 0, Bg(T ) = 0, (39)

Ċg + κg(t) + Bg(t)λ̄g(t) +
1

2
B2

g(t)σI(t)σ
′
I(t) = 0, Cg(T ) = ln 2. (40)

Equation (39) can be solved easily as

Bg(t) = −
∫ T

t

e−
∫ s

t ψ(r)drds. (41)

Then by ODE (40), the solution of Cg(t) can be expressed in terms of Bg(t)

Cg(t) = ln 2 +

∫ T

t

(
κg(s) + Bg(s)λ̄g(s) +

1

2
B2

g(s)σI(s)σ
′
I(s)

)
ds. (42)

Then we solve the equation (23).
Comparing the expressions of (33) and (41), we obtain the following result

easily.

Proposition 1. For any t ∈ [0, T ], we have Bp(t) = 2Bg(t).

Having addressed the solutions for (22) and (23), we turn to solve the equa-
tion (24). Plugging the expressions of p(t, I) and g(t, I) into PDE (24) and
by Proposition 1, we have

{
∂th + ψ(t)(Ī(t)− I)∂Ih + 1

2
σI(t)σ

′
I(t)∂I Ih− 1

4
e2Cg(t)−Cp(t)Υ(t) = 0,

h(T, I) = 0,
(43)

where
Υ(t) = ρ(t) + B2

g(t)ς(t) + 2Bg(t)ξ(t). (44)

Note that the expression of e2Cg(t)−Cp(t)Υ(t) depends only on t, and is indepen-
dent of I, we propose that h(t, I) also depends only on t and is independent
of I. In this case, h(t, I) can be denoted as h(t), and ∂th = ḣ,∂Ih = ∂I Ih = 0.
Then, PDE (43) can be simplified as

ḣ− 1

4
e2Cg(t)−Cp(t)Υ(t) = 0, h(T ) = 0, (45)
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which can be solved easily as

h(t) = −1

4

∫ T

t

e2Cg(s)−Cp(s)Υ(s)ds. (46)

Then the equation (24) is solved.
For the next equation (25), we first plug in the expression of p(t, I) in

(28) to have




∂t$ + (κg(t)− I) $ + (λ̄g(t)− ψ(t)I) ∂I$
+1

2
σI(t)σ

′
I(t)∂I I$ + 2c(t)eBp(t)I+Cp(t) = 0,

$(T, I) = 0.
(47)

Note that the equation (47) is no longer a homogeneous PDE due to the
presence of the term 2c(t)eBp(t)I+Cp(t), hence the analytical solution can not be
derived by using the same method as in solving (35). However, we will show
in the next proposition that the solution of (47) can be derived by solving
the following associated homogeneous PDE with a parameter τ (τ 6 T )





∂tυ(t, I; τ) + (κg(t)− I) υ(t, I; τ) + (λ̄g(t)− ψ(t)I) ∂Iυ(t, I; τ)
+1

2
σI(t)σ

′
I(t)∂I Iυ(t, I; τ) = 0, t 6 τ,

υ(τ, I; τ) = 2c(τ)eBp(τ)I+Cp(τ).
(48)

By using the homogenization technique in PDE theory, we have the fol-
lowing result.

Proposition 2. Let υ = υ(t, I; τ) be the solution of PDE (48), then the
solution of (47) can be expressed as

$ = $(t, I) =

∫ T

t

υ(t, I; τ)dτ . (49)

Proof. For $ = $(t, I) defined in (49), we readily have $(T, I) =
∫ T

T
υ(T, I; τ)dτ =

0, which satisfies the boundary condition of PDE (47). Let τ = t in the the
boundary condition of PDE (48), then υ(t, I; t) = 2c(t)eBp(t)I+Cp(t). Differ-
entiating $ = $(t, I) with respect to t and I, we have





∂t$ =− υ(t, I; t) +

∫ T

t

∂tυ(t, I; τ)dτ

=− 2c(t)eBp(t)I+Cp(t) +

∫ T

t

∂tυ(t, I; τ)dτ ,

∂I$ =

∫ T

t

∂Iυ(t, I; τ)dτ , ∂I I$ =

∫ T

t

∂I Iυ(t, I; τ)dτ .

(50)
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Then by (48)-(50), we obtain

∂t$ + (κg(t)− I) $ + (λ̄g(t)− ψ(t)I) ∂I$

+
1

2
σI(t)σ

′
I(t)∂I I$ + 2c(t)eBp(t)I+Cp(t)

=

∫ T

t

∂tυ(t, I; τ)dτ + (κg(t)− I)

∫ T

t

υ(t, I; τ)dτ

+ (λ̄g(t)− ψ(t)I)

∫ T

t

∂Iυ(t, I; τ)dτ +
1

2
σI(t)σ

′
I(t)

∫ T

t

∂I Iυ(t, I; τ)dτ

=

∫ T

t

[
∂tυ(t, I; τ) + (κg(t)− I) υ(t, I; τ) + (λ̄g(t)− ψ(t)I)
×∂Iυ(t, I; τ) + 1

2
σI(t)σ

′
I(t)∂I Iυ(t, I; τ)

]
dτ

=

∫ T

t

0dτ = 0.

which proves that $ = $(t, I) is a solution for PDE (47).¤

Proposition 2 shows that the solution of PDE (47) can be expressed in
terms of the solution for (48). Now we start to solve PDE (48).

We first consider the case when c(τ) 6= 0. In this case, we propose PDE
(48) has the following form of solution

υ = υ(t, I; τ) = Cυ(t; τ)eBυ(t;τ)I . (51)

Then
∂tυ = Ċυe

BυI + ḂυIυ, ∂Iυ = Bυυ, ∂I Iυ = B2
υυ. (52)

Plugging (51) and (52) into (48) gives

(
Ḃυ − 1− ψ(t)Bυ

)
CυI + Ċυ +

(
κg(t) + λ̄g(t)Bυ +

1

2
σI(t)σ

′
I(t)B

2
υ

)
Cυ = 0.

(53)
We suppose and verify subsequently that Cυ(t; τ) 6= 0. According to the
arbitrariness of I and the boundary conditions of PDE (48), we derive the
following ODEs

Ḃυ(t; τ)− 1− ψ(t)Bυ(t; τ) = 0, Bυ(τ ; τ) = Bp(τ), (54)

{
Ċυ(t; τ) +

(
κg(t) + λ̄g(t)Bυ(t; τ) + 1

2
σI(t)σ

′
I(t)B

2
υ(t; τ)

)
Cυ(t; τ) = 0,

Cυ(τ ; τ) = 2c(τ)eCp(τ).
(55)
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Solving ODE (54), we have

Bυ(t; τ) = Bp(τ)e−
∫ τ

t ψ(s)ds −
∫ τ

t

e−
∫ s

t ψ(r)drds. (56)

Then by ODE (55), Cυ(t; τ) can be expressed in terms of Bυ(t; τ):

Cυ(t; τ) = 2c(τ)eCp(τ)+
∫ τ

t (κg(s)+λ̄g(s)Bυ(s;τ)+ 1
2
σI(s)σ′I(s)B2

υ(s;τ))ds. (57)

Note that c(τ) 6= 0, we readily have Cυ(t; τ) 6= 0, which verifies the previous
assumption.

Now we consider the case when c(τ) = 0. Also let υ(t, I; τ) be defined
by (51) where Bυ(t; τ) and Cυ(t; τ) are defined by (56) and (57). It follows
from c(τ) = 0 that υ(t, I; τ) = 0 for all t ∈ [0, τ ] , which corresponds to the
solution of PDE (48) in this case.

By Proposition 2, the solution of PDE (47) or PDE (25) is

$(t, I) =

∫ T

t

υ(t, I; τ)dτ =

∫ T

t

Cυ(t; τ)eBυ(t;τ)Idτ , (58)

where Bυ(t; τ) and Cυ(t; τ) are defined in (56) and (57).
Now we have two PDEs left: (26) and (27). Let

{
fϕ(t, I) = −ρ(t)g$

2p
− ς(t)∂Ig∂I$

2p
− ξ(t)$∂Ig

2p
− ξ(t)g∂I$

2p
+ gc(t),

fz(t, I) = −ρ(t)$2

4p
− ς(t) (∂I$)2

4p
− ξ(t)$∂I$

2p
+ c(t)$.

(59)

Then we rewrite PDEs (26) and (27) as

{
∂tϕ + ψ(t)(Ī(t)− I)∂Iϕ + 1

2
σI(t)σ

′
I(t)∂I Iϕ + fϕ(t, I) = 0,

ϕ(T, I) = 0,
(60)

and
{

∂tz + ψ(t)(Ī(t)− I)∂Iz + 1
2
σI(t)σ

′
I(t)∂I Iz + fz(t, I) = 0,

z(T, I) = 0,
(61)

respectively. With the same structure, it’s obvious that PDEs (60) and (61)
can be solved in the same way, hence we only need to show the solving of (60)
in detail. Note that equation (60) is also a non-homogeneous PDE because
of the term fϕ(t, I), similar to PDE (47) and Proposition 2, we have the
following result.
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Proposition 3. The solution of PDE (60) can be expressed as

ϕ = ϕ(t, I) =

∫ T

t

ω(t, I; τ)dτ , (62)

where w = w(t, I; τ) is the solution of the following homogeneous parabolic
equation with a parameter τ(τ 6 T )
{

∂tω(t, I; τ) + ψ(t)(Ī(t)− I)∂Iω(t, I; τ) + 1
2
σI(t)σ

′
I(t)∂I Iω(t, I; τ) = 0, t 6 τ,

ω(τ, I; τ) = fϕ(τ, I).
(63)

Now we proceed to solve PDE (63). Comparing PDE (63) with our
previous homogeneous PDE (48), note that the boundary condition in (63)
cannot be expressed in the form of Cω(τ)eBω(τ)I . Hence PDE (63) can not be
solved similarly. Instead, we will adopt the variable transformation technique
to derive the solution. Define





q(l, y; τ) = ω(t, I; τ),

l = 1
2

∫ τ

t
σI(r)σ

′
I(r)e

−2
∫ τ

r ψ(s)dsdr,

y = Ie−
∫ τ

t ψ(s)ds +
∫ τ

t
ψ(r)Ī(r)e−

∫ τ
r ψ(s)dsdr.

(64)

Let t = τ , then l = 0, y = I. Therefore, according to the boundary condition
in (63), we obtain the initial condition for q(l, y; τ) as follows

q(0, y; τ) = w(τ, I; τ) = fϕ(τ, I) = fϕ(τ, y). (65)

On the other hand, by (64), we have

{
∂tω = −1

2
σI(r)σ

′
I(r)e

−2
∫ τ

r ψ(s)ds∂lq +
(
I − Ī(t)

)
ψ(t)e−

∫ τ
t ψ(s)ds∂yq,

∂Iω = e−
∫ τ

t ψ(s)ds∂yq, ∂I Iω = e−2
∫ τ

t ψ(s)ds∂yyq.
(66)

Plugging (66) into (63) yields

−1

2
σI(t)σ

′
I(t)e

−2
∫ τ

t ψ(s)ds∂lq +
1

2
σI(t)σ

′
I(t)e

−2
∫ τ

t ψ(s)ds∂yyq = 0.

Note e−2
∫ τ

t ψ(r)dr > 0 and recall σI(t)σ
′
I(t) > 0 in Assumption 1, it follows

that −∂lq + ∂yyq = 0. This, together with the initial condition of q(l, y; τ) in
(65) gives {

∂lq(l, y; τ)− ∂yyq(l, y; τ) = 0, l > 0,
q(0, y; τ) = fϕ(τ, y),

(67)
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which is a heat equation that has been studied extensively in the literature.
By the classical PDE theory (see page 253 of Ockendon et al. (2003)), the
solution of PDE (67) is

q(l, y; τ) =

∫ +∞

−∞
fϕ(τ, ζ)

e−
(y−ζ)2

4l

2
√

πl
dζ. (68)

By the relation between ω(t, I; τ) and q(l, y; τ) in (64), we derive the solution
for (63):

ω(t, I; τ) = q(l, y; τ) =

=

∫ +∞

−∞
fϕ(τ, ζ)

e
−(Ie−

∫ τ
t ψ(s)ds+

∫ τ
t ψ(r)Ī(r)e−

∫ τ
r ψ(s)dsdr−ζ)

2

2
∫ τ
t σI (r)σ′

I
(r)e−2

∫ τ
r ψ(s)dsdr

√
2π

∫ τ

t
σI(r)σ′I(r)e

−2
∫ τ

r ψ(s)dsdr
dζ.

(69)

Then it follows from Proposition 3 that the solution of PDE (60) or (26) can
be expressed by

ϕ(t, I) =

∫ T

t

ω(t, I; τ)dτ

=

∫ T

t

∫ +∞

−∞
fϕ(τ, ζ)

e
−(Ie−

∫ τ
t ψ(s)ds+

∫ τ
t ψ(r)Ī(r)e−

∫ τ
r ψ(s)dsdr−ζ)

2

2
∫ τ
t σI (r)σ′

I
(r)e−2

∫ τ
r ψ(s)dsdr

√
2π

∫ τ

t
σI(r)σ′I(r)e

−2
∫ τ

r ψ(s)dsdr
dζdτ .

(70)

Similarly, we can derive the solution for PDE (61) or (27) as follows

z(t, I) =

∫ T

t

∫ +∞

−∞
fz(τ, ζ)

e
−(Ie−

∫ τ
t ψ(s)ds+

∫ τ
t ψ(r)Ī(r)e−

∫ τ
r ψ(s)dsdr−ζ)

2

2
∫ τ
t σI (r)σ′

I
(r)e−2

∫ τ
r ψ(s)dsdr

√
2π

∫ τ

t
σI(r)σ′I(r)e

−2
∫ τ

r ψ(s)dsdr
dζdτ . (71)

Remark 4. So far we have found the solutions for the six associated PDEs
(22)-(27). However, some of them are expressed in (multiple) integral form,
see (46), (58), (70) and (71) for h(t), $(t, I), ϕ(t, I) and z(t, I). In general
case, the explicit computation of these the integrals may be difficult or even
impossible. Hence in practice, in order to obtain the values of h(t), $(t, I),
ϕ(t, I) and z(t, I) for given t and I, we need to adopt some numerical meth-
ods. There are plenty of numerical integration methods to compute integral
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but only a few of them are efficient. Examples of these computational formu-
las are Rectangle Formula, Cavalieri-Simpson Formula, Newton-Cotes For-
mula and Hermite Quadrature Formula, etc., (see Quarteroni et al. (2000)
for more details). There are also many special schemes of mathematical
softwares, such as “quadl” in MATLAB, to evaluate integral numerically.

Based on the expression for V (t, x̄, I) in (18), we have

V (t, I, x̄) = p(t, I)x̄2 + g(t, I)ax̄ + h(t)a2 + $(t, I)x̄ + ϕ(t, I)a + z(t, I),
(72)

where p(t, I), g(t, I), h(t), $(t, I), ϕ(t, I) and z(t, I) are given by (28),
(37), (46), (58), (70) and (71), respectively. It’s obvious to verify that
Vx̄ x̄ = p(t, I) = eBp(t)I+Cp(t) > 0. Substituting (72) into (15) and noticing
that ∂Ip(t, I) = p(t, I)Bp(t), ∂Ig(t, I) = g(t, I)Bg(t), the optimal investment
strategy for Problem (12) is derived as

π∗(t) = −(δ(t)δ′(t))−1 × [
B̄(t) + δ(t)σ̄′0(t) + Bp(t)δ(t)σ

′
I(t)

+
$(t, I)B̄(t) + δ(t)σ′I(t)∂I$(t, I)

2p(t, I)x̄
+

ag(t, I)
(
B̄(t) + δ(t)σ′I(t)Bg(t)

)

2p(t, I)x̄

]
.

(73)
We include the results in the following theorem.

Theorem 1. For any t ∈ [0, T ], the optimal value function V (t, x̄, I) of the
optimization problem (12) is given by (72), and the corresponding optimal
solution is given by (73).

5. Efficient strategy and efficient frontier

In this section, we proceed on deriving the solution for the original M-V
Problem (9). Based on our studies in Section 3, when t = 0, V (0, I0, x̄0) is
the optimal value for Problem (11), and G(x̄0, I0, a) defined by V (0, x̄0, I0)−
u2− 2au is the optimal value for Problem (10). According to Theorem 1, we
have

G(x̄0, I0, a) =h(0)a2 + (g(0, I0)x̄ + ϕ(0, I0)− 2u) a

+ p(0, I0)x̄
2 + $(0, I0)x̄ + z(0, I0)− u2,

(74)

where a = λ − d. Then we can apply the Lagrange dual theory (see Luen-
berger (1968) for more details) to Problem (10) to derive the optimal solution
for our original problem. That is, the optimal value for the original M-V
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problem (9), namely the minimum variance Var∗[x̄(T )], can be derived by
maximizing G(x̄0, I0, a) over λ. Recall that a = λ − d, this is equivalent to
maximizing G(x̄0, I0, a) over a, i.e.,

Var∗[x̄(T )] = max
a

G(x̄0, I0, a). (75)

Note that in (74), the existence of a finite maximum value of G(x̄0, I0, a)
depends on the sign of h(0). To show the existence and uniqueness of an
optimal solution for Problem (75), we study the properties of h(t) for t ∈
[0, T ] first.

Proposition 4. Under Assumption 1, for any t ∈ [0, T ], we have Υ(t) > 0,
and Υ(t) = 0 if only if (iff) Bg(t)σI(t)δ

′(t)+ B̄′(t) = ~0′n, where ~0n is the zero
column vector of order n.

Proof. For any t ∈ [0, T ], based on the definitions of ρ(t), ς(t) and ξ(t) in
(17), we have

Υ(t) =ρ(t) + B2
g(t)ς(t) + 2Bg(t)ξ(t)

=
(
Bg(t)σI(t)δ

′(t) + B̄′(t)
)
(δ(t)δ′(t))−1

(
Bg(t)σI(t)δ

′(t) + B̄′(t)
)′

.

By Assumption 1 that δ(t)δ′(t) is positive definite, the matrix (δ(t)δ′(t))−1

is also positive definite. Hence, Υ(t) > 0 and Υ(t) = 0 iff Bg(t)σI(t)δ
′(t) +

B̄′(t) = ~0′n. ¤

Based on the expression of h(t) in (46), along with Assumption 2 and
Proposition 4, we readily have the following result.

Proposition 5. Under Assumptions 1 and 2, for any fixed t ∈ [0, T ), h(t) <
0 iff there exist s ∈ (t, T ) such that Bg(s)σI(s)δ

′(s) + B̄′(s) 6= 0.

Note that in the case of t = 0, Proposition 5 gives the equivalent condition
under which we have h(0) < 0. This is the necessary and sufficient condition
for the existence and uniqueness of an optimal solution to Problem (75).
Hence, in this paper, we add one more assumption as follows.

Assumption 3. There exists t ∈ (0, T ) such that Bg(t)σI(t)δ
′(t)+B̄′(t) 6= 0.
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Proposition 5 just gives the upper bound for h(t), it is also interesting to
address the lower bound. By (34) and (42), we have

2Cg(t)− Cp(t) = 2 ln 2−
∫ T

t

Θ(s)ds. (76)

where

Θ(s) =− 2

(
κg(s) + Bg(s)λ̄g(s) +

1

2
B2

g(s)σI(s)σ
′
I(s)

)

+

(
κp(s) + Bp(s)λ̄p(s) +

(
1

2
σI(s)σ

′
I(s)− ς(s)

)
B2

p(s)

)
.

(77)

By (46), the expression of h(t) can be rewritten as

h(t) = −1

4

∫ T

t

e2 ln 2−∫ T
s Θ(r)drΥ(s)ds = −

∫ T

t

e−
∫ T

s Θ(r)drΥ(s)ds, (78)

which will be used later. Before we determine the lower bound for h(t), we
propose the following useful result.

Proposition 6. Under Assumption 1, for any t ∈ [0, T ], we have Ψ(t) :=
Θ(t)−Υ(t) > 0 and Ψ(t) = 0 iff (σ̄0(t) + Bg(t)σI(t)) H(t) = 0, where H(t) =
In − δ′(t)(δ(t)δ′(t))−1δ(t).

Proof. According to (77) and Proposition 1, we have

Θ(t) = κp(t)− 2κg(t) + 2Bg(t) (λ̄p(t)− λ̄g(t)) + (σI(t)σ
′
I(t)− 4ς(t)) B2

g(t).

Then by (21), (36) and Proposition 1, the above formula can be simplified as

Θ(t) = γ(t) + ρ(t) + 2Bg(t) (ξ(t) + χ(t)) + σI(t)σ
′
I(t)B

2
g(t). (79)

According to (79) and the expression of Υ(t) in (44), we have

Ψ(t) = γ(t) + 2Bg(t)χ(t) + B2
g(t) (σI(t)σ

′
I(t)− ς(t)) . (80)

By (17), we have

{
γ(t) = σ̄0(t)H(t)σ̄′0(t), χ(t) = σ̄0(t)H(t)σ′I(t),
σI(t)σ

′
I(t)− ς(t) = σI(t)H(t)σ′I(t).
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It is easy to verify that H(t) = H ′(t), H2(t) = H ′(t)H(t) = H(t). Then, the
expression of Ψ(t) in (80) becomes

Ψ(t) = (σ̄0(t) + Bg(t)σI(t)) H(t) (σ̄0(t) + Bg(t)σI(t))
′

= [(σ̄0(t) + Bg(t)σI(t)) H(t)] [(σ̄0(t) + Bg(t)σI(t)) H(t)]′ > 0,
(81)

which must be non-negative and we have Ψ(t) = 0 iff (σ̄0(t) + Bg(t)σI(t)) H(t) =
0. ¤

If we strengthen Assumption 1 such that δ(t) is invertible for any t ∈
[0, T ], that is, m = n and the market is complete. Then H(t) is a n× n zero
matrix. On the other hand, notice that in (8) we have σ̄0(t) = σ0(t)− σΠ(t).
Then, by Proposition 5, we obtain the following Corollary.

Corollary 1. If δ(t) is invertible or σΠ(t) = σ0(t) + Bg(t)σI(t) for any t ∈
[0, T ], then we have Ψ(t) = 0.

Now we can give the lower bound for h(t) in the following proposition.

Proposition 7. Under Assumption 1 and 2, for any fixed t ∈ [0, T ), we
have (i) 4 (1 + h(t)) > e2Cg(t)−Cp(t) > 0; (ii) 4 (1 + h(t)) = e2Cg(t)−Cp(t) iff
Ψ(s) = 0 for any s ∈ [t, T ].

Proof. (i) For any s ∈ [0, T ), it is known from Proposition 6 that Θ(s) >
Υ(s) for any Θ(s) > Υ(s), i.e., −Υ(s) > −Θ(s). Then by the expression of
h(t) in (78), we have

h(t) = −
∫ T

t

e−
∫ T

s Θ(r)drΥ(s)ds > −
∫ T

t

e−
∫ T

s Θ(r)drΘ(s)ds = e−
∫ T

t Θ(s)ds − 1.

(82)
This together with (76) gives

4 (1 + h(t)) > 4e−
∫ T

t Θ(s)ds = e2 ln 2−∫ T
t Θ(s)ds = e2Cg(t)−Cp(t) > 0.

(ii) From the inequality (82), we find that for any fixed t ∈ [0, T ), 2 (1 + h(t)) =
e2Cg(t)−Cp(t) iff Θ(s) = Υ(s) for any s ∈ [t, T ], which is equivalent to Ψ(s) = 0
for any s ∈ [t, T ] . ¤
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Under Assumptions 1-3, we get from Propositions 5 and 7 that −1 <
h(0) < 0, which indicates the existence of an optimal solution to the opti-
mization problem (80). By the first-order condition we have

a∗ =
2u− g(0, I0)x̄0 − ϕ(0, I0)

2h(0)
. (83)

Substituting it into (73) and (75), the optimal investment strategy and min-
imum variance of the M-V problem (9) are given by

π∗(t) =− (δ(t)δ′(t))−1
[
B̄(t) + δ(t)σ̄′0(t)

+ Bp(t)δ(t)σ
′
I(t) +

B̄(t)$(t, I) + δ(t)σ′I(t)∂I$(t, I)

2x̄p(t, I)

+
(2u− g(0, I0)x̄0 − ϕ(0, I0)) g(t, I)

(
B̄(t) + δ(t)σ′I(t)Bg(t)

)

4h(0)x̄p(t, I)

]
,

(84)
and

Var∗[x̄(T )] =− 1 + h(0)

h(0)

(
u− g(0, I0)x̄0 + ϕ(0, I0)

2(1 + h(0))

)2

+ p(0, I0)x̄
2
0

+ $(0, I0)x̄0 + z(0, I0)− (g(0, I0)x̄0 + ϕ(0, I0))
2

4(1 + h(0))
,

(85)

respectively. Since −1 < h(0) < 0, then −1+h(0)
h(0)

> 0. Therefore, according to

(85) and setting u = uσmin
:= g(0,I0)x̄0+ϕ(0,I0)

2(1+h(0))
, we obtain the global minimum

variance

Var∗min[x̄(T )] = p(0, I0)x̄
2
0 + $(0, I0)x̄ + z(0, I0)− (g(0,I0)x̄0+ϕ(0,I0))2

4(1+h(0))
. (86)

It’s obvious to note that rational investors should not select the expected
terminal wealth less than uσmin

. We summarize the above results in the
following theorem.

Theorem 2. Under Assumption 1-3, the efficient investment strategy and
the efficient frontier of the continuous-time M-V DC pension funds manage-
ment problem (9) for u > uσmin

are given by (84) and (85), respectively.
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6. Two special cases

Based on our previous results, in this section we consider two special
cases: no inflation and no pension contribution.

Special case 1: The case of no inflation. According to the dynamics of
the price index process Π(t) in (2) and the expected inflation rate process
I(t) in (3), we set

ψ(t) = Ī(t) = I(t) = 0, Π0 = 1, σΠ(t) = σI(t) = ~0m,

where ~0m is a zero column vector of order m. Then, we have

b̄0(t) = b0(t), B̄(t) = B(t), σ̄0(t) = σ0(t), ξ(t) = ς(t) = χ(t) = λ̄p(t) = 0.
(87)

In this case, p, g, h, $, ϕ and z only depend on t. In addition, the corre-
sponding PDEs (22)-(27) degenerate to the following ODEs

ṗ(t) + κp(t)p(t) = 0, p(T ) = 1, (88)

ġ(t) + (η(t)− ρ(t)) g(t) = 0, g(T ) = 2, (89)

ḣ(t)− ρ(t)
g2(t)

4p(t)
= 0, h(T ) = 0, (90)

$̇(t) + (η(t)− ρ(t)) $(t) + 2p(t)c(t) = 0, $(T ) = 0, (91)

ϕ̇(t) + g(t)c(t) = 0, ϕ(T ) = 0, (92)

ż(t)− ρ(t)
$2(t)

4p(t)
− ρ(t)

g(t)$(t)

2p(t)
+ c(t)$(t) = 0, z(T ) = 0. (93)

Solving ODEs (88)-(93) we obtain




p(t) = e
∫ T

t κp(s)ds, g(t) = 2e
∫ T

t (η(s)−ρ(s))ds,

$(t) = 2
∫ T

t
p(s)c(s)e−

∫ s
t (η(r)−ρ(r))drds,

h(t) = − ∫ T

t
ρ(s)g2(s)

4p(s)
ds, ϕ(t) =

∫ T

t
g(s)c(s)ds,

z(t) = − ∫ T

t

(
ρ(s)$2(s)

4p(s)
+ ρ(s)g(s)$(s)

2p(s)
− c(s)$(s)

)
ds.

(94)

Plugging the above expression to Theorem 2, we have the efficient investment
strategy and the efficient frontier:

π∗(t) =− (δ(t)δ′(t))−1
[
B̄(t) + δ(t)σ̄′0(t)

+
(2h(0)$(t) + (2u− g(0)x̄0 − ϕ(0)) g(t)) B̄(t)

4h(0)p(t)x̄

]
.

(95)
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and

Var∗[x̄(T )] =− 1 + h(0)

h(0)

(
u− g(0)x̄0 + ϕ(0)

2(1 + h(0))

)2

+ p(0)x̄2
0 + $(0)x̄0 + z(0)− (g(0)x̄0 + ϕ(0))2

4(1 + h(0))
,

(96)

respectively.
Special case 2: The case of no pension contribution. According to the

dynamics of the accumulated pension contribution process in (4), we only
need to set c(t) = 0 for all t ∈ [0, T ]. In this case, the PDE of $ in (47) is
simplified as

{
∂t$ + (κg(t)− I) $ + (λ̄g(t)− ψ(t)I) ∂I$ + 1

2
σI(t)σ

′
I(t)∂I I$ = 0,

$(T, I) = 0,
(97)

It is easy to verify that the only solution of (97) is $(t, I) = 0 for t ∈ [0, T ].
Then, PDEs (60) and (61) of ϕ and z degenerate to

∂tϕ + ψ(t)(Ī(t)− I)∂Iϕ +
1

2
σI(t)σ

′
I(t)∂I Iϕ = 0, ϕ(T, I) = 0, (98)

∂tz + ψ(t)(Ī(t)− I)∂Iz +
1

2
σI(t)σ

′
I(t)∂I Iz = 0, z(T, I) = 0, (99)

which correspond to the solutions ϕ(t, I) = 0 and z(t, I) = 0 for t ∈ [0, T ].
Therefore, in this case, the efficient investment strategy and the efficient
frontier can be simplified as

π∗(t) =− (δ(t)δ′(t))−1
[
B̄(t) + δ(t)σ̄′0(t) + Bp(t)δ(t)σ

′
I(t)

+
(2u− g(0, I0)x̄0) g(t, I)

(
B̄(t) + δ(t)σ′I(t)Bg(t)

)

4h(0)p(t, I)x̄

]
,

(100)

Var∗[x̄(T )] = −1 + h(0)

h(0)

(
u− g(0, I0)x̄0

2(1 + h(0))

)2

+

(
p(0, I0)− g2(0, I0)

4(1 + h(0))

)
x̄2

0.

(101)

7. Sensitivity analysis

In this section, we will consider some numerical examples to illustrate the
effects of some main parameters on the efficient frontier for our M-V pension
funds management problem.
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Consider a pension fund participant who enters the pension plan at time
0 with a real initial fund paid x̄0. He/she contributes continuously for T
years and retires at time T . Besides, the pension fund can be invested in
four risky assets indexed as 0, 1, 2 and 3. For convenience but without loss
of generality, we suppose that all the parameters, such as c(t), ψ(t) and
Ī(t), etc., are constant over time t ∈ [0, T ]. Throughout this section, unless
otherwise stated, the related parameters are listed as follows

x̄0 = 1, c(t) = 0.1, T = 3, I0 = 0.03, Ī(t) = 0.02, ψ(t) = 0.5,
(b0(t), b1(t), b2(t), b3(t))

′ = (0.0179, 0.0086, 0.0422, 0.0658)′,




σ0(t)
σ1(t)
σ2(t)
σ3(t)
σΠ(t)
σI(t)




=




0.2134 0.1482 −0.0078 0.0113 0.0726
0.1482 0.1557 −0.0037 0.0043 0.0618
−0.0078 −0.0037 0.3817 0.1181 0.0270
0.0113 0.0043 0.1181 0.3907 −0.0037
0.0726 0.0618 0.0270 −0.0037 0.2902
−0.0118 −0.0128 0.1666 0.1175 −0.0016




.

Plugging the data above into the related formulas in the previous sec-
tions, we obtain the efficient frontier of the real pension fund’s wealth at the
retirement time

Var∗[x̄(3)] = 59.3388 (u− 0.7098)2 + 1.9210.

In the following, we analyze the impacts of some main parameters x̄0, c(t),
T , ψ(t), I0 , and Ī(t) on the efficient frontier. Denote the efficient frontier
by

Var∗[x̄(T )] = aV (u− uσmin
)2 + σ2

min,

where aV is the coefficient of quadratic term, σ2
min and uσmin

are the global
minimum variance and the corresponding expected terminal wealth, respec-
tively. As we know, aV decides the shape of the efficient frontier, and the ver-
tex coordinates (σ2

min, uσmin
) determines the position of the efficient frontier.

For different cases, the numerical values of aV , uσmin
and σ2

min are presented
in Table 1-6, the corresponding efficient frontiers are plotted in Figure 1-6.

Figure 1 and Table 1 shows the sensitivity of the efficient frontier to the
real initial fund paid x̄0. We find that (i) when x̄0 increases from 0.5 to 2.5,
the efficient frontier moves to the upper right, but the shape of the efficient
frontier does not change since aV is the same for different values of x̄0; (ii)
the greater x̄0 is, the bigger the global minimum variance σ2

min as well as its
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Table 1: Computational results analysis for different x̄0s

x̄0 0.5 1 1.5 2 2.5

aV 59.3388 59.3388 59.3388 59.3388 59.3388
uσmin

0.4337 0.7098 0.9858 1.2619 1.5380
σ2

min 0.6932 1.9210 3.7640 6.2222 9.2956
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Figure 1: Impact of x̄0 on the efficient frontier

corresponding expected terminal wealth uσmin
. The result is consistent with

our common sense. To start with more initial real wealth, the lower risk we
have corresponds to the same expected terminal wealth. Besides, we should
have a higher minimum expected terminal wealth, corresponds to a higher
minimum variance.

For the pension contribution parameter c(t), since the higher value of c(t)
corresponds to greater wealth of our pension fund, so the effects of different
values of c(t) on our problem should have the same pattern as the initial real
wealth x̄0. Then we expect similar impacts of c(t) on the efficient frontier to
that of x̄0. This vision is well illustrated by Figure 2 and Table 2.

Figure 3 and Table 3 illustrates the impacts of the retirement time T .
As T increases, since the pension fund accumulates more wealth during a
longer time period, then we expect a higher minimum terminal wealth. We
can see this trend in Table 3. Similarly, the expected terminal wealth would
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Table 2: Computational results analysis for different c(t)s

c(t) 0 0.1 0.2 0.3 0.5

aV 59.3388 59.3388 59.3388 59.3388 59.3388
uσmin

0.5521 0.7093 0.8665 1.0236 1.3380
σ2

min 1.2304 1.9267 2.7944 3.8336 6.4265
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Figure 2: Impact of c(t) on the efficient frontier

Table 3: Computational results analysis for different T s

T 1 2 3 4 5

aV 72.7638 59.3388 49.1576 41.4606 35.6088
uσmin

0.6749 0.7093 0.7417 0.7722 0.8006
σ2

min 1.6755 1.9267 2.1974 2.4871 2.7959
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Figure 3: Impact of T on the efficient frontier

be higher for a fixed level of variance, which corresponds to a decreasing
value of aV in Table 3. This can also be illustrated by the upward movement
of the efficient frontier in Figure 3. Besides, since the accumulated risk is
also higher during a longer T , then the global minimum variance should be
higher. This increase can be clearly seen in Table 3.

Now we proceed on the impacts of inflation on the efficient frontier. As
discussed in Section 2, the instantaneous expected inflation rate is modelled
by the Ornstein-Uhlenbeck process in (3) with some parameters. In the
following, we are going to study the effects of ψ(t), I0 and Ī on the efficient
frontier.

The parameter ψ(t) measures the speed of the rate of inflation that reverts
to its mean Ī. If ψ(t) is large, the rate of inflation reverts to its mean quickly,
then the mean reversion dominates the movement of inflation. With more
confidence in the long-term overall value of inflation, the minimum expected
terminal wealth increases. In Table 4, we can see this trend in the value of
uσmin

. However, since the inflation moves towards its mean quickly, which
can add to the randomness brought by the Brownian motion ω(t), then the
accumulated risk increases, corresponds to higher minimum globle variance,
as well as higher variance for a fixed level of expected terminal wealth. This
explains the downward trend of the efficient frontier in Figure 4, as well as
the increasing trend of aV in Table 4.
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Table 4: Computational results analysis for different ψ(t)s

ψ(t) 0 0.1 0.3 0.5 1.0

aV 27.5317 34.1779 48.1070 59.3387 66.5749
uσmin

0.5512 0.6523 0.6905 0.7093 0.7205
σ2

min 1.6275 1.7384 1.8641 1.9267 1.9649
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Figure 4: Impact of ψ(t) on the efficient frontier

Table 5: Computational results analysis for different I0s

I0 -0.02 0.03 0.08 0.13 0.18

aV 59.3388 59.3388 59.3388 59.3388 59.3388
uσmin

0.7553 0.7093 0.6601 0.6176 0.5807
σ2

min 2.2100 1.9267 1.6808 1.4679 1.2837

Table 6: Computational results analysis for different Ī(t)s

Ī(t) -0.03 0.02 0.07 0.12 0.17

aV 59.3388 59.3388 59.3388 59.3388 59.3388
uσmin

0.7583 0.7093 0.6636 0.6210 0.5812
σ2

min 2.2049 1.9267 1.6842 1.4728 1.2885
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Figure 5: Impact of I0 on the efficient frontier
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Ī(t) = 0.12
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Table 5 and 6 give the effects of the initial inflation I0 and the long-
run mean of the inflation rate Ī. We find similar trends: unchanged aV ,
decreasing uσmin

and decreasing σ2
min. This similar trend could be explained

by the fact that both I0 and Ī reflect the overall level of inflation. With higher
level of inflation, the real wealth of the pension fund decreases, then the
minimum expected terminal wealth uσmin

decreases, then the global minimum
variance σ2

min decreases correspondingly. However, since the high inflation
associated with high I0 and Ī can be anticipated by pension fund manager,
so higher I0 and Ī would not increase or decrease the extra risk. This mean
that the shape of the efficient frontier may not change. This idea is verified
by the unchanged values of aV . Figure 5 and Figure 6 also illustrate those
findings.

To conclude, we summarize the impacts of inflation as follows: The pres-
ence of inflation reduces the expected return for a fixed level of risk measured
by variance; the higher the initially expected inflation rate I0 or the long-
run mean of the inflation rate Ī(t), the lower the investment return for our
pension fund, that is, we need to take more risk for a given expected return.

8. Conclusion

Different from the traditional expected utility maximization models in lit-
eratures, we adopt the M-V criteria to select the optimal investment strategy
in the accumulation phase for a DC pension fund. Besides, we includes the
effects of inflation risk which is modelled by a Ornstein- Uhlenbeck process.
In addition, we consider a more general market with multiple assets that can
all be risky. By using the Lagrange method and the Dynamic Programming
approach in the stochastic optimal control, we derive the the corresponding
HJB equation which can be solved via six simpler PDEs. By using the ho-
mogenization approach and the variable transformation technique, we solve
the six associated PDEs analytically. Then the explicit expressions for the
efficient strategy and the efficient frontier are derived. Finally, numerical
examples are provided to illustrate the impacts of some main parameters on
the efficient frontier.

The method introduced in this paper can also be used in further studies
for pension fund management to include more realistic conditions, such as
regime-switching market environment and uncertain exit time, etc..
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